THE ADDITIVE ARITHMETIC OF LINEAR ORDERS

GARRETT ERVIN AND ERIC PAUL

ABSTRACT. We present a systematic development of the arithmetic of the class
of linear orders under the ordered sum (LO,+) and prove a number of new
results. Our approach is based on a Euclidean algorithm for pairs of linear
orders that almost additively commute.

Among our results:

i. We generalize and give unified proofs of the main classical theorems for
(LO,+), including Lindenbaum’s division theorem for (LO,+) and a
representation theorem for additively commuting pairs of linear orders
due to Aronszajn.

ii. We solve the following problem, posed by Tarski in 1956: is it true that
for every pair of linear orders A, B and quadruple of natural numbers
n,m,k,0>1,ifnA+mB=>=kB+ 1A then A4+ B~ B+ A? Tarski and
Chang showed the answer is yes for certain choices of the coefficients
n,m, k,l. We show the answer is yes in general.

ili. We prove the following characterization of the additively commuting
pairs in LO: A+ B = B + A if and only if wA embeds initially in
wB and w*A embeds finally in w* B, or vice versa. We show this can be
viewed as a correctly revised version of a refuted conjecture of Tarski.

iv. We characterize the commutative semigroups (5, ®) that can be repre-
sented in (LO,+) and show in particular they are all subsemigroups of
naturally totally ordered semigroups in the sense of Clifford.

1. INTRODUCTION

Let LO denote the class of linear orders. Given two orders A, B € LO, their
ordered sum A + B is the order obtained by placing a copy of B to the right of A.
Given a natural number n > 1, nA denotes the n-fold sum A+ A+ --- + A.

Many of the fundamental results about sums of linear orders are due to Linden-
baum and Tarski, and were announced in their joint 1926 paper [6]. Outstanding
among these results are the following two theorems of Lindenbaum.

Theorem 1.1. (Lindenbaum’s Cancellation Theorem; [6l, 3.13]) Suppose A and B
are linear orders and there is a natural number n > 1 such that nA = nB. Then
A= B.

Theorem 1.2. (Lindenbaum’s Division Theorem; [0 3.14]) Suppose A and B are
linear orders and there are natural numbers n, m > 1 with ged(n, m) = 1 such that
nA = mB. Then there is a linear order C' such that A 2 mC and B = nC.
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If we view each natural number n as a finite linear order with n-many points,
then the ordered sum + agrees with the usual sum on N, and can be viewed as an
extension of this operation to the much larger class LO. When the orders A and B
from the statement of the division theorem are natural numbers, the order C must
equal ged(A, B). Thus for more general orders, C' may be viewed as the order-
theoretic greatest common divisor of A and B. It follows from the cancellation
theorem that C' is unique up to isomorphism.

Lindenbaum’s theorems are strikingly general: they apply to an arbitrary pair
of linear orders A and B with a common finite multiple nA = mB. This generality
suggests that the class of all linear orders, not just special subclasses such as the
class of natural numbers or the class of ordinals, has a reasonable and global additive
arithmetic that may be studied as such. More specifically, the theorems suggest
that (LO, +) has a Euclidean division structure generalizing that of (N, +).

The results in Lindenbaum and Tarski’s paper [6] are presented without proof,
and Lindenbaum’s own proofs of his theorems were never published. Proofs of
the cancellation and division theorems did not appear until 30 years later, after
Lindenbaum’s death, in Tarski’s book Ordinal Algebras [9].

In Ordinal Algebras, Tarski undertakes a systematic study of the arithmetic of
the ordered sum by passing from LO to a more abstract context. He axiomatizes a
type of algebraic structure called an ordinal algebra. Such algebras have the form

A=(A,+,> ,%0),

where A is the universe of the algebra, + is a binary ordered sum operation, Y is
an N-ary ordered sum operation, * is a unary reversal operator, and 0 is an additive
identity.

These operations generalize the corresponding operations for linear orders: if we
distinguish linear orders only up to isomorphism, then

A= (LO,+,Y ,*0)

is the prototypical example of an ordinal algebra, and it was Tarski’s earlier work
with Lindenbaum on the arithmetic of this particular algebra that inspired his
abstract definition.

Tarski’s stated goal was to generalize the arithmetic study of sums of linear
orders to ordered sums of general binary relations. In the introduction to Ordinal
Algebras, he writes:

An important task in creating the general theory of binary rela-
tions is to develop the arithmetic of relation types, i.e., to study
operations by means of which the isomorphism types of compli-
cated relations can be obtained from those of simpler ones. This
arithmetic may eventually become a powerful instrument which will
give us a better insight into the structural variety of relations.
The main purpose of this monograph is just the development of
the theory of ordinal addition for arbitrary [binary] relation types.

Here, “ordinal addition” means “ordered addition” of binary relation types, ab-
stracting from the ordered addition of linear orders. This is in contrast to the (un-
ordered) “cardinal addition” that Tarski had previously systematized in his book
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Cardinal Algebras [8], abstracting from the addition of cardinals in the absence of
the full axiom of choice.

After developing the theory of ordinal algebras from their axioms, Tarski proves
that Lindenbaum’s division theorem holds in an arbitrary ordinal algebra, and
hence in the specific ordinal algebra (LO,+, >, *,0). See [9, Theorem 1.50].

Tarski’s proof of the division theorem, which he labels “Euclid’s Theorem,” is
elegant but somewhat opaque, and despite the label not transparently connected
to Euclidean division in a familiar arithmetic context such as (N, +) or (R, +). We
were originally motivated to better understand the theorem, and to see its proof
as a proof by division in a sense that clearly generalizes division in the natural
numbers.

This paper is the result of our research in this direction. In it we will develop
the arithmetic of (LO,+) on the basis of a Euclidean algorithm for pairs of linear
orders A, B that satisfy a one-sided weak commutativity relation. This algorithm
is a generalization of the classical Euclidean algorithm on N. Combinatorially, it
is equivalent to the dynamical system arising from a two-piece generalized interval
exchange transformation on the unit interval

0,1) = AB — BAX = [0,1),

in which the maps between the corresponding copies of the intervals A and B
are required to preserve the orientation of these intervals but not necessarily their
lengths, and whose images leave a gap on one side of [0,1). Readers familiar with
interval exchanges or orientation-preserving maps on the circle will recognize the
mechanics of such transformations in many of our proofs.

We will show that the algorithm yields a new proof of Lindenbaum’s division
theorem that directly generalizes a proof of the theorem for (N, +) obtained by
applying its classical version. We also use it to solve two open problems from Ordi-
nal Algebras, one stated explicitly and one implicitly posed, concerning additively
commuting pairs of linear orders; see the discussion in Sections and below.

In the second half of the paper, we use the systems of isomorphisms arising
from runs of the Euclidean algorithm to prove representation theorems for the
linear orders appearing in the course of such a run. In the last section, we use
these representations to characterize the commutative semigroups (S, @) that can
be represented as semigroups of linear order types under the ordered sum. See the
discussion in Section [[3] below.

A version of the algorithm can be applied in an arbitrary ordinal algebra. In a
forthcoming companion paper [4], we will show that as a consequence several of the
arithmetic results established in this paper for (LO, +) hold in an arbitrary ordinal
algebra.

1.1. Tarski’s Commuting Sums Problem. Tarski devotes significant effort in
Ordinal Algebras to the question of characterizing the pairs of elements in a given
ordinal algebra that additively commute. He does not explain his interest in this
question, but in hindsight it is a natural one: we will see that there is a close
connection between commutativity and Euclidean division in (LO, +), and the same
is true in an arbitrary ordinal algebra 2.

On page 43, Tarski poses the following question:
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Problem 1.3. (Tarski’s Sum Problem; [9, pg. 43]) Suppose A and B are linear
orders and there are natural numbers n, m, k,l > 1 such that

nA+mB=kB +1[A.
Does it follow that A+ B = B + A?

Tarski shows in Corollary 1.53 that the answer to Problem is yes if either
n =1 or m = k, and then notes that the general problem remains open.

In Appendix A of Ordinal Algebras, written by C.C. Chang, Chang extends
Tarski’s result to get a positive answer for the case when both n <[ and m < k,
leaving open the case when one of (n < I) A (m > k) or (n > 1) A (m < k) holds.
Regarding this case, Chang says:

The discussion of this remaining problem seems to present consid-
erable difficulties.

See [9, pg. 92].
Immediately after posing Problem Tarski poses the following generalization:

Problem 1.4. (Tarski’s Generalized Sum Problem; [9, pg. 43]) Suppose A and B
are linear orders and there is an isomorphism

Co+Ci+-+Ch1=Do+ D1+ -+ Dp

such that n,m > 2, C;,D; € {A,B}for0<i<nand0<j<m,Cy=D,_1=A4,
and DO = Cn—l = B.
Does it follow that A+ B = B + A?

In Section |7}, we solve Tarski’s generalized sum problem for (LO, +) in the affir-
mative, using data accrued from a run of the Euclidean algorithm for the orders A
and B appearing in an instance of the problem. See Theorem

Tarski poses Problems and for an arbitrary ordinal algebra; the proof
given in Section[7]solves the restriction of these problems to LO. In the forthcoming
[], we will show that the proof can be generalized to an arbitrary ordinal algebra,
giving a complete solution to Tarski’s problems.

1.2. Tarski’s Commuting Pairs Conjecture. In unpublished work from the
1930s (see the introduction to [I], and the footnote in [9, pg. 80]), Tarski made a
conjecture to the effect that the only ways that a pair of linear orders A and B can
satisfy A+ B = B + A are the obvious ones.

Conjecture 1.5. (Tarski’s Commuting Pairs Conjecture; [9, pg. 80]) Suppose that
A and B are linear orders. Then A+ B = B + A if and only if one of the following
conditions holds:

i. There is a linear order C' and natural numbers n, m > 1 such that A = nC
and B &£ m(C;
ii. A+ BB+ A~ A,
ii. A+ BB+ A=~B.

Tarski showed the conjecture is true if A and B are assumed to be either count-
able or scattered. After appropriately generalizing the notion of a scattered element
to an arbitrary ordinal algebra, he showed that the conjecture holds for such ele-
ments in any ordinal algebra ([9, Theorem 1.65]).
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Lindenbaum found a counterexample to Tarski’s conjecture (also unpublished).
This example was later generalized by Aronszajn, who in [I] gives a structural char-
acterization of the additively commuting pairs of linear orders A and B. Aronszajn
showed that such pairs are obtained by replacing the points in a closed interval of R
with linear orders in a way that respects a group of translations on R; see Theorem
[10.4] for a precise statement of the result.

Tarski discusses this history in a footnote on page 80 of Ordinal Algebras, con-
cluding there:

Aronszajn’s results, however, cannot be formulated within the arith-
metic of ordinal algebras.

This is in contrast to the characterization of the commuting pairs conjectured in
m which can be stated in the arithmetic language of ordinal algebras (though of
course not proved, since it fails in LO).

Joénsson retells this story in his paper [5] from 1982:

Many of the deeper properties of ordered addition were listed with-
out proofs in Lindenbaum and Tarski [1926], and these properties
were developed axiomatically in Tarski [1956]. More specifically,
the operations treated there were ordinal addition, as applied to
pairs of types and to w-sequences of types, and conversion. The
axioms for ordinal algebras hold for the isomorphism types of arbi-
trary binary relations, and most of the known properties of these
operations are consequences of the axioms. However, some facts
about ordinal addition cannot even be formulated within this frame-
work. A notable example is Aronszajn’s [1952] characterization of
commuting pairs of isomorphism types.

These remarks raise the implicit question of whether one can revise Tarski’s
conjecture to get a correct arithmetic characterization of the isomorphism A + B =
B + A, i.e. one that is expressible in the language of ordinal algebras.

We will show the answer is yes. There is a natural weakening of (i.) in Tarski’s
conjecture which is expressible in the language of ordinal algebras and, when sub-
stituted for (i.), yields a correct arithmetic characterization of the additively com-
muting pairs A, B € LO.

For a linear order X, wX denotes the right infinite sum of X:

X+X+-=> X

and w*X denotes left-infinite sum

e+ XX = <Zx>

Theorem 1.6. Suppose that A and B are linear orders. Then A+ B = B + A if
and only if one of the following conditions holds:
i. wA2wB and w*A = wW*B;
ii. A+ BB+ A~ A;
ii. A+ BB+ A=~=B.
If A= nC and B = mC for some C' € LO and n,m € N as in[L.F|(i.), then 4 and

B satisfy the revised condition (i.) from Theorem|[T.6] In this case, wA = wB = wC
and w*A = w*B = w*C.
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In [4], we will show this revised arithmetic characterization of the commuting
pairs in LO holds in an arbitrary ordinal algebra.

We also prove the following reformulation of Theorem [1.6] Here, <;,;; means
“embeds onto an initial segment of” and <y, “embeds onto a final segment of.”

Theorem 1.7. A+ B = B+ A if and only if one of the following conditions holds:
i wA <t wB and w*A g4 W*B;
ii. wB <init wA and wW*B i whA.

See Theorems [[1.1] and (1.2

1.3. Commutative semigroups of order types. The first part of the paper
centers around the Euclidean algorithm defined in Section [5, and culminates in
the solution to Tarski’s Generalized Sum Problem in Section [7] and a proof of
Lindenbaum’s Division Theorem in Section

The second part of the paper begins in Section [0] There, we turn from the
purely arithmethic results of the first part (i.e., results expressible in the language
of ordinal algebras) to a finer structural analysis of linear orders appearing in a
run of the Euclidean algorithm. The main results of Section [J] are representation
theorems showing that such orders are obtained by replacing points in a closed
interval of R in a way that respects the forward orbit equivalence relation of a pair
of translations on R; see Theorems We show in Section [10] that
these theorems may be viewed as generalizations of Aronszajn’s characterization of
the commuting pairs in LO from [I].

In the final section of the paper, we use this analysis to characterize the commu-
tative semigroups that appear as semigroups of linear order types. More precisely,
if we distinguish linear orders only up to isomorphism, we may view (LO,+) as a
class semigroup, and ask which commutative semigroups appear as subsemigroups
of LO. It is exactly these semigroups that we characterize in Section In order
to state the characterization, we need the following definition.

Definition 1.8. Suppose that X is a linear order and {S, : © € X} is a collection of
semigroups indexed by X with corresponding semigroup operations {®, : z € X}.

Let X (S.) denote the set of ordered pairs (z,s) with z € X and s € S,, and
define a semigroup operation ® on X (.S,,) by the following rule:

(z,5) x>y
(@)@ (1) = ¢ (1) z <y
(x,sD, t) = =uy.
We call X(S,,) the replacement semigroup of X by the semigroups S,.
We show the following.

Theorem 1.9. A commutative semigroup (S,®) appears as a subsemigroup of
(LO,+) if and only if S is isomorphic to a replacement semigroup X (S,) over some
linear order X such that for every = € X, one of the following holds:
i. There is a strict subgroup G < (R,+) such that S, is isomorphic to a
subsemigroup of the positive cone G'sg;
ii. Sy is isomorphic to the semigroup on one element.

This is established as Theorem [[4.14]
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1.4. Organization of the paper. In Section[2] we introduce the notation and ter-
minology for working with linear orders and their sums that we will use throughout
the paper.

In Section |3] we analyze the elementary dynamics of convex self-embeddings of
linear orders. Such embeddings arise in applications of our Euclidean algorithm for
(LO,+).

In Section [d] we establish a number of arithmetic facts concerning sums of lin-
ear orders that we will use in our later results. Most of these facts are due to
Lindenbaum and Tarski.

In Section [p] we introduce our Euclidean algorithm for pairs of linear orders A
and B that almost additively commute (in a sense specified there), and discuss the
arithmetic data about A and B that accrues from a run of the algorithm. In Section
[6] we study this arithmetic data in an abstract setting, and prove structural results
about the linear orders that appear during the course of such a run.

In Section [7, we solve Tarski’s Generalized Sum Problem for (LO,+) in the
affirmative, and prove some related arithmetic results.

In Section[8] we use the Euclidean algorithm to give a new proof of Lindenbaum’s
Division Theorem [L.2l

In Section[9] we establish representation theorems for the linear orders appearing
as arithmetic terms in the course of a run of the Euclidean algorithm. These
representation theorems are the basis for the remaining work in the paper.

In Section [I0] we use these theorems to prove one-sided generalizations of Aron-
szajn’s representation from [I] for commuting pairs of linear orders.

In Section [L1] we use the representations to prove our revised version of
Tarski’s Commuting Pairs Conjecture [1.5

In Section we develop an arithmetic theory of archimedean dominance and
archimedean equivalence in (LO,+), and show that these notions induce global
valuations on LO analogous to valuations in abelian orderable groups in terms of
their archimedean classes.

Section [L3|is a preparatory section for a technical aspect of the construction in
Section 14. Finally, in Section |[14] we prove our characterization of the commutative
semigroups that can be represented in (LO, +).
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2. NOTATION AND BASIC TERMINOLOGY

A linear order is a pair (X, <) where X is a set and < is a strict, total order on
X. The class of linear orders is denoted LO. When not otherwise specified, capital
letters A, B, X, Y, ... appearing in the text and the statements of propositions below
stand for fixed linear orders.

The expression = < y abbreviates the assertion “z < y or z = y.”

A suborder of X is a subset Y C X equipped with the inherited ordering relation
from X.
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We write X* for the reverse of X. The orders X and X* share the same un-
derlying set of points, with x < y in X* if and only if y < = in X. Note that
X =X.

An order X is dense (or densely ordered) if X contains at least two points and
whenever z,y € X and x < y, there is z € X with z < z < y.

If x < y and there is no z such that < z < y, then x is the predecessor of y
and y is the successor of x. We sometimes say x and y form a jump pair. Thus X
is dense if and only if X contains no jump pairs.

A suborder Y C X is dense in X (or, Y is a dense suborder of X) if whenever
z,y € X and x < y, then either x and y both belong to Y or there is z € Y such
that ¢ < z < y.

2.1. Intervals and cuts. An interval or convex subset of X is a suborder I C X
such that whenever x < z < y and z,y € I then z € I. In particular, singleton
suborders {z} C X are intervals of X.

Given two intervals I,J C X, we write I < Jif x <y forallz € I and y € J.
This defines a (strict) partial ordering on the collection of intervals of X that we
call the induced ordering.

An initial segment of X is a subset I C X such that whenever y < x and z €
then y € I. A final segment of X is a subset J C X such that whenever z < y and
x € J, then y € J. Observe that initial and final segments are intervals, and that
I is an initial segment of X if and only if X \ I is a final segment of X.

A cut in X is a pair ¢ = (I, J) where I is an initial segment of X and J = X \ I
is the corresponding final segment. We think of ¢ as the space between I and J.
Cut(X) denotes the set of cuts in X.

The ordering < on X naturally extends to an ordering on X U Cut(X). Given
xz € X and a cut ¢ = (I,J) in Cut(X), define z < cifx € T and ¢ < z if x € J.
Given another cut ¢ = (I’,J") € Cut(X), define ¢ < ¢ if there is € X such
that ¢ < x < ¢, or equivalently, if I C I’. It is straightforward to check that this
extension of < linearly orders X U Cut(X).

We will sometimes informally quantify over X U Cut(X) by using clauses of the
form “point or cut ¢ € X” instead of “c € X U Cut(X).”

Suppose K C X is an interval. The cut at the left of K is ¢ = (I, J), where

I={reX:VyeK,z<uy}.
The cut at the right of K is d = (I',J’) where
J ={reX:Vye K,z >y}

The cuts at the left and right of K are the endcuts of K. By convention, the cuts
at the left and right of X are (#, X) and (X, ) respectively.

Cuts in K may be identified with cuts in X in the natural way. If ¢ = (I, J) is
a cut in K, we identify it with ¢/ = (I’, J') € Cut(X), where

I'={zeX:Fyelz<y}

The cuts at the left and right of K are identified with the cuts at the left and right
of K in X. Under this identification, K U Cut(K) is an interval in X U Cut(X).

More generally, we may define cuts at the left and right of an arbitrary suborder
of X. Given Y C X, the convex closure of Y is the interval

conv(Y)={r e X :3Ja,beY,a <z <b}.
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The cuts at the left and right of Y are defined as the cuts at the left and right of
conv(Y).

We will use both points in X and cuts in X to define intervals in X. Given
a,b € X UCut(X) with a < b, define
[a,b) ={x € X : a <z < b},
[a,b) ={x € X : a <z < b},
(a,b] ={x € X :a < x <D},
(a,b) ={r € X :a < x < b}.
Thus we are viewing the usual endpoint notation for intervals in X U Cut(X) as
denoting the restriction of these intervals to X.

If K is an interval of X, then

K =lc,d] = [¢,d) = (¢,d] = (¢,d)

where ¢ and d are the cuts at the left and right of K, respectively. We will usually
use closed interval notation when defining intervals by their endcuts. The phrase
“Label K = [¢,d]” means “Let ¢ and d denote the cuts at the left and right of K,
respectively.”

For a,b € X U Cut(X) not necessarily satisfying a < b, we write [{a, b}] to mean
[a,b] when a < b and [b, a] when a > b. Analogously, we write [{a,b}), ({a,b}], and
({a,b}) to denote the interval of points between a and b that excludes b, excludes
a, and excludes both a and b, respectively.

2.2. Convex embeddings. An embedding of X into Y is a map f: X — Y such
that © < y in X implies f(z) < f(y) in Y. Since the ordering relations that we
consider are strict, embeddings are automatically injective.

An isomorphism is a surjective embedding. We say X and Y are isomorphic
and write X 2 Y if there is an isomorphism f : X — Y. An automorphism of X is
an isomorphism f: X — X.

An order type is an isomorphism class of linear orders. Though we will work
with linear orders as opposed to order types throughout, often we are interested
in a given linear order X only up to isomorphism, and most of the definitions and
theorems we present could be rephrased in terms of order types.

A partial embedding of X into Y is an embedding f : K — Y whose domain K
is a suborder of X. Given such an embedding, f~! is a partial embedding of Y into
X with domain f[K].

An embedding f : X — Y is convez if f[X] is an interval in Y. We write
X <conv Y if there exists a convex embedding of X into Y. Note that isomorphisms
are convex embeddings.

A convex embedding f : X — Y is dnitial if f[X] is an initial segment of ¥’
and final if f[X] is a final segment of Y. We write X <;p;+ Y if there is an initial
embedding of X into Y, and X <y, Y if there is a final embedding of X into Y.
Observe that all three relations <conv, <init, and <y, are transitive on LO.

If f: X — Y is a convex embedding and ¢ = (I, J) is a cut in X, then (f[I], f[J])
is a cut in f[X], which as above we may view as a cut in Y. Conversely, every cut in
f1X] is of the form (f[I], f[J]) for some (I,J) € Cut(X). Thus f may be uniquely
extended to a convex embedding of X U Cut(X) into Y U Cut(Y") by defining, for
each ¢ = (I, J) € Cut(X),

We identify f with this extension.
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Note then that if K = [¢,d] is an interval in X labeled by its endcuts, the
convexity of f implies f[K] = [f(c), f(d)]. We express this by saying that the
image of an interval under a convex embedding is determined by the images of its
endcuts.

2.3. Discrete orders. We use both w and N to denote the set of natural numbers
{0,1,2,...} equipped with its usual ordering relation. We identify each n € w with
the set of its predecessors {0,1,...,n — 1}, and view n as a suborder of w. In
particular, 0 denotes the empty order.

The discrete orders are the finite orders n, along with w, w*, and Z.

2.4. Replacements. Suppose that {I, : x € X} is a collection of linear orders
indexed by X. Define

X(Ip) ={(z,i) :z € X,i € I}

and order X (I,) lexicographically by the rule (z,7) < (y,7) if x < y (in X), or
z=yand i< j (in I, = I,). Equipped with this ordering, X (/) is a linear order
that we call the replacement of X by the orders I,.

For a fixed € X, the set of pairs {(z,i) € X(I;) : ¢ € I} is an interval in
X (I) that is isomorphic to I,. We sometimes informally refer to this interval also
by I;. Observe that I, < I, in X(I,) if and only if z <y in X.

Given a suborder K C X, we write K (I,) for the restriction

{(z,i) e X(I;) 1z € K}

of X(I;) to K. Observe that if K is an interval in X, then K (I,) is an interval in
X(I1).

We explicitly allow the replacement orders I,, to be empty. Thus X (I,,) = K(I,),
where K = {z € X : I, # 0}.

2.5. Replacements up to an equivalence relation. Suppose that E is an equiv-
alence relation on X. In practice, F will often be the orbit equivalence relation of
a collection of partial convex self-embeddings of X. For a given z € X, the E-class
of z is denoted [z]g, or simply [z] when F is clear from context.

Suppose {I}; : x € X} is a collection of linear orders indexed by the E-classes
of X. We write X (I},)) for the replacement X (1) of X in which I, = I for every
x € X. Thus for every z,y € X with xFEy, we have

Iy = 1y = Ijy) = Ipy).

A replacement of the form X (I},)) is a replacement of X up to E.

More generally, we call a replacement X (I,.) a replacement up to F, and denote
it by X (Ij;)), even if we only have xEy = I, = I, (instead of 2Ey = I, = I,,) for
all z,y € X.

2.6. Sums. A replacement X (I,) is sometimes called an ordered sum and denoted
> wex Le- We usually use replacement notation; however, when X is isomorphic to
a discrete order we often use summation notation instead.

When X =2 = {0,1}, the replacement X (I,) is called the sum of the orders I
and I1 and denoted Ip+1I;. We write (LO, +) for the class of linear orders equipped
with the sum.



THE ADDITIVE ARITHMETIC OF LINEAR ORDERS 11

Similarly, when X =n ={0,1,...,n — 1}, we write Iy + I; + - -- + I, for the
replacement n(I,) and call such a replacement an n-sum. We also write

w(Il) = ZwEw Ia: = IO + Il +---
W) = Yiewrle = -+ hL+1o
L) = Yeeple = -~ HIlat+lo+hi+Dh+-

and call replacements of these forms w-sums, w*-sums, and Z-sums, respectively. To
distinguish replacements of discrete orders from more general replacements X (I,),
we refer to them as discrete sums.

Sums are closely related to cuts. If ¢ = (I,J) is a cut in X, then X = I + J.
In the other direction, in an order of the form Iy + I; there is a cut between the
initial segment corresponding to Iy and final segment corresponding to I;. We call
this cut the cut at the + sign. Similarly, we may refer to cuts at + signs in longer
discrete sums as well.

We have (IO —|—Il) —|—Ig = IO + (Il —|—12) = IO —|—Il —|—IQ for all IQ,Il, 12 € LO. The
sum is an associative operation in this sense.

More generally, we have the associative law

X(Iw)(‘](x,i)) = X(I:r(J(m,i)))'

That is, if we replace the points in a replacement X (1) by orders J, ;), then the
resulting order X (I,)(J(5,)) is isomorphic to the order obtained by first forming,
for each z € X, the replacement I.(J(,,)), and then forming the replacement
X(Le(J(zy0)))-

If I, =Y for all z € X, then the replacement X (I,.) is called the lezicographic
product of X and Y and denoted XY . Discrete products of the form nY, wY, w*Y,
and ZY will arise frequently in our study of (LO, +).

Products distribute over sums on the right:

(A+ B)C = AC + BC

for all A, B,C € LO. More generally, products distribute over replacements on the
right: given a replacement X (I,;) and an order A, we have

X(I)A = X(I,A).

This follows from the general associativity law above. Products do not in general
distribute over replacements (or sums) on the left.

2.7. Condensations. An equivalence relation ~ on X is a condensation if every
~-class is an interval of X.

We reserve the symbol ~ for condensations, and use E for more general equiv-
alence relations. Instead of [z]. or [z], we write v (z) or y(z) for the ~-class of a
given z € X. The set of ~-classes is denoted both by X/~ and X/~, depending on
context. We view v as a map v : X — X/~ called the condensation map.

Since X/~ is a collection of pairwise disjoint intervals in X, the induced order
on X/~ is a linear order. We view X/~ as equipped with this order. Then the
condensation map < is a surjective order-homomorphism of X onto X/~, i.e. a
surjective map satisfying x < y = vy(z) < ~(y).

Conversely, any surjective order-homomorphism v : X — L from X onto an
order L induces a condensation of X defined by

x ~y y if y(z) = y(y)
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and we have X/vy = L.

Given a replacement X (I,), the map v : X(I;) — X defined by y(z,i) =z is a
surjective order-homomorphism. It induces the replacement condensation on X (I,,)
defined by the rule

(z,i) ~ (y,7) if z = y.
The replacement condensation condenses each of the orders I, back to a point,
yielding X (I,)/v = X.

3. PARTIAL CONVEX SELF-EMBEDDINGS OF LINEAR ORDERS

Arithmetic identities over (LO, +) are often naturally represented by systems of
partial convex embeddings on a linear order X. In this section, we examine the
basic dynamical structure of such embeddings.

Definition 3.1. A partial convez self-embedding of X is a convex embedding f :
K — X whose domain K is an interval in X.

For the remainder of this section, let f : K — X denote a fixed partial convex
self-embedding of X with domain K. Then f~! is a partial convex self-embedding
of X with domain f[K].

Label K = [¢,d] by its endcuts and identify f with its unique extension to
K UCut(K). We view [ as defined at ¢ and d, so that f[K] = [f(c), f(d)].

The extent of f, denoted ext(f), is the convex closure of K U f[K].

If KN fIK] # 0, then ext(f) = K U f[K], in which case we say f is overlapping.
In practice, most of the partial convex self-embeddings we consider are overlapping.

Definition 3.2.
i If fIK] < K (ie. f(d) < ¢), then f is a left push; if f[K] > K (i.e.
f(c) > d), then f is a right push.
ii. If f[K] C K (i.e. f(c) > cand f(d) < d), then f is a compression.
ili. If K C f[K] (i.e. f(c) <cand f(d) > d), then f is an expansion.
iv. If f(c) < c < f(d) < d, then f is a left slide; if c < f(c) < d < f(d), then f
is a right slide.

Notice that f is overlapping exactly when f is a compression, expansion, or slide.

3.1. Orbits. Fix a point or cut x € KU f[K]. For an integer n > 0, f™(z) denotes
the n-fold iterate (ff--- f)(z), whenever this iterate is defined. For n < 0, f"(x)
denotes (f~1)(=")(x).

The orbit of x under f, denoted os(x), is the set of defined f-iterates of x:

or(x) ={f"(z) :n € Z, f*(x) is defined}.

Notice of(y) = of(x) if and only if y € of(z), if and only if y = f"(z) for some
n € Z. Note also that of(x) = of-1(x).

Since € KU f[K], at least one of f(z) and f~!(z) is defined and thus included
in of(x). Either there exists a least N > 0 such that fV!(z) is undefined, or
f™(x) is defined for all n > 0. Symmetrically, there is either a least M > 0 such
that f~(M+1 () is undefined, or f™(x) is defined for all m < 0. Thus os(x) has
one of the following forms:

{7 @),z f(2), f2(2),...},
{f (@), f~M* (2), ...},
{7 @), Y (@)}
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(M), fMH @),y SV (), [N ()

If f(x) > x, then f is increasing at x. In this case, since f is order-preserving
it follows inductively that f"(z) < f**!(z) for every n € Z for which f"(z) and
™1 (x) are both defined. Thus of(x) has one of the following forms:

<)<z < flz) < fAr) < ...,

M (@) < f7MH (@) <

L < NN @) < Y (@),

fMa)< M @) <. <o<... < N (2) < fV(2).
We describe these situations respectively by saying oy(z) is an increasing Z-orbit,
w-orbit, w*-orbit, or finite orbit. Orbits of the latter three forms are truncated, on
the left, right, and both sides, respectively.

If f(x) < «, then f is decreasing at x. The possible forms for of(z) in this case
are obtained from the increasing forms by replacing < with >.

If f(z) = x, then f fizes x. Then oy(z) = {x} is a singleton orbit. By convention,
singleton orbits are non-truncated.

3.2. Orbitals of endcuts.
Definition 3.3. Suppose z € Cut(K). Define

Aep = [z, f(2)}]-
We call A, ¢ the f-jump at the cut x.

When z is a point, A, ¢ is not defined.
Any two cuts from the same orbit have isomorphic jumps. More precisely, given
z € Cut(K) and n € Z, if f*(z) and f**1(z) are both defined we have

F Az gl = [ (@), 7N @)} = Apngay -
Since f"[Az 5] = Az p, we have Ay = Agpn(y) g-

Our next goal is to define, for each point or cut € K U f[K], the orbital Of(x)
of x under f.

Abstractly, Oy(z) is the smallest convex subset of ext(f) containing os(x) that
is invariant under both f and f~!. Often, it is just conv(os(z)), but for points or
cuts near the endcuts of K, it may be a strict superset of conv(os(x)).

We will take a more concrete approach to the definition by first defining the
orbitals Of(c) and Oy(d) of the endcuts of K directly, and then working inward.
An important arithmetic feature of orbitals is that they may be decomposed as
discrete sums of f-jumps.

We begin with the left endcut c. The definition of Of(c) depends on the structure
of the orbit oy (c).

Case (1.): f(c) = c. In this case, define O¢(c) = of(c) = {c}.

Case (2.): f(c) > c.

— Case (2.1): of(c) is finite. In this case, let N > 1 be least such that fV*1(c)
is undefined. Since f is increasing at ¢ and c is the left endcut of the domain of f,
J/7!(c) is undefined. Thus oy (c) consists of the points

c< fle) < fAe) < ... < fN7He) < fNe).
We claim fN~1(c) < d < fN(e). Indeed, if f¥(c) < d, then f¥(c) € [c,d] = K and

fN¥+1(c) would be defined; and if d < fVN~1(c), then fV(c) would lie strictly above
f(d) and hence outside of f[K], both impossible. Thus f¥(c) < f(d) as well.
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Tracking backward, we have fN=17%(c) < f=*(d) < fN=*(c) < f~*+1(d) for
0 <k <N —1. it follows that oy(d) consists of the points
V) < VD) < ... < d < f(d).

Since f is increasing at both ¢ and d, ext(f) = [¢, f(d)].
The cut sequence

c< fle) < f2e) <. < V7 He) < fN(e) < f(d)
spans ext(f) = [, f(d)
ext(f)

and yields the sum decomposition

e, ()] + [f(e), F2()] + - + [N (c), f(d)]
Acg+Ageyp+HApvor p + B
NAC’f + B

(3.1)

1R 1R

where B = [fN(c), f
e, f[~N=U(d)] of A. ;.

We have that f is overlapping when N > 2, or when N = 2 and B # (). The case
when N =2 and B = () occurs when f(c) = d, i.e. when K and f[K] are directly
adjacent but non-intersecting intervals in X.

We view f as acting on the sum decompositionby mapping each copy An (), ¢
of A. s onto the copy Agn+1( s to its right for n < N — 1, and mapping the initial
segment f~![B] = [fN"!(c),d] of Agn-1() s onto B.

Notice that [3.1| restricts to a decomposition of K = dom(f) = [c,d]:

[c, d] e, ()] + -+ [FN2(e), O] + [V o), d]
Ac,f + Af(c),f + -+ AfN—2(C)7f + f_l[B]
(N - 1)Ac,f + B,

—~

d)]. Observe that B is isomorphic to the initial segment

(3.2)

1R 1R

Now let C' = [d, fV(c)], so that
Ag g =1[d, f(d)] = [d, ¥ ()] + [fV(c), f(d)] = C + B.

Observe
Afol(c),f = [fNil(C)ad] + [d7 fN(C)] = fﬁl[B] +C=B+C.
Hence A. ; = B+ C as well. Thus we obtain from the sum decomposition the

alternate decomposition in terms of the jump Ag,s:

ext(f) NA.;+ B
Ac,f+Ac,f+"'+Ac,f+B
(B+C)+(B+C)+---(B+C)+ B
B+(C+B)+---+(C+B)+(C+B)
B+ NAqg;y.

1R 11 1R 1R

This decomposition can also be obtained directly from the cut sequence
c< NN < fVT2d) < ... < d < f(d)

consisting of the left endcut ¢ and the cuts in of(d).
In this case, we define the orbital of ¢ to be

Of(c) = ext(f) = [c, f(d)],
and call the orbital finitary.
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Further, for every point or cut z € K U f[K], we define Of(z) = Oy(c). In
particular, Oy(d) = Of(c). From above, we have two sum representations of this
orbital in terms of the jumps A. ; and Ag ;:

Of(C) NA.;+ B
B+ NAg
Oy(d).
— Case (2.2): of(c) is infinite. In this case, of(c) is an increasing w-orbit con-
sisting of the points

(3.3)

i1 1

c< fle)< fe)<....
In this case we define the orbital of ¢ to be the convex closure of its orbit,
0;(c) = conv(oy(c))
and call Oy(c) an w-orbital. Further, for every point or cut x € Oy (c) we also define
Of(x) = Of(c).

Since f"(c) is defined for every n € w, of(c) is a subset of the domain K = [c, d]
of f. Thus Oy(c) is initial not only in ext(f) but in K.

We have that Of(c) decomposes as an w-sum of the initial jump A, ¢:

Of(c) = e, f(@]+ [f(c), F2()] + [F2(e), ()] + -
(3.4) = Aoyt Ayt Ae et
= wAc}f.
We view f as acting on this decomposition by mapping each copy of A, ; onto the
copy to its right. Observe that f [ Of(c) is a final self-embedding of O¢(c) onto its
final segment beginning at f(c).

Case (3.): f(c) < c. In this case, write f/ = f~! and ¢ = f(c). Then f’ is
a partial convex self-embedding of X on the domain K’ = f[K] with left endcut
c, and f'(¢) > ¢/. Use the conventions above to define O (¢’). Then define
0;(c) = Opr(¢)) = O+ (F(0)).

There are two cases as before, and they yield sum decompositions of Of(c) of
the same forms, the difference being that now f is decreasing Oy(c) instead of
increasing.

If of(c) is finite, Oy (c) is finitary and we again have decompositions of the form

Of(c) =0¢(d) = ext(f) =[f(c),d| = NA.y + B=B+ NAg ;.
If of(c) is infinite, Of(c) is an w-orbital and we again have
Of(c) = wA. ;.
We now turn to the right endcut d. The conventions for defining the orbital
Oy(d) are symmetric with the definition of O (c).
If o4(d) = {d}, then Oy (d) = {d}.
If of(d) is finite, then Oy(d) = ext(f) = Oy(c). We say the orbital is finitary
and we have sum decompositions of the form
Of (d) B+ NAd7'f
NA.s+ B
Of(e).
If of(d) is an w*-orbit, we define Of(d) = conv(oy(d)). We say Os(d) is an
w*-orbital and we have the decomposition

Of(d) = w*Ad’f.

11 1R
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We view f as acting on these sum decompositions for Oy(d) by shifting each
copy (or partial copy) of A4 ¢ in the domain K onto the copy to its left (when f is
decreasing) or right (when f is increasing).

It remains to define the orbitals O¢(z) for points or cuts z € K U f[K] not
belonging to Of(c) or Oy (d).

For such an z to exist, we must have O;(c) < Oy(d). Suppose this is the case
and let ¢’ denote the cut at the right of O(c) (which coincides with ¢ if Oy (c) is a
singleton), and let d’ denote the cut at the left of Oy (d).

Label Of(c) = [c, ] by its endcuts. From the definition of O¢(c), we have
flOs(c)] = [f(c), ], that is, f[c,c]] = [f(c),c]. Since f is convex, we also have
flle, )] = [f(¢), £(<)], and it follows f(¢) = ¢/. That is, f fixes the cut at the
right of Oy(c). Symmetrically, f(d') = d’. More generally, f(b) = b for any cut b
on a non-truncated side of an f-orbit.

Fix a point or cut € K U f[K] with Of(c) < z < Of(d). Then ¢ < z < d'.
Hence f"(c') < f™(z) < f™(d’) for any n € Z, which gives ¢/ < f"(z) < d’ for any
n € Z. In particular, f™(z) is defined for every n € Z, and it follows that oy (x) is
either a Z-orbit or a singleton.

In either case, we define Oy(x) = conv(os(x)). Notice that O;(y) = Oy(z) if
and only if y € conv(of(x)), if and only if conv(o(y)) = conv(os(x)).

If of(x) is an increasing Z-orbit, then it consists of the sequence

< fH )<< flo) < )< ...
If x is a cut, this sequence yields the Z-sum decomposition

Os(@) = -t [f ()] + [ f(2)] + [F(), f2(2)] + -

ot Ayt ey + Af gt

ZA, ¢

We view f as acting on this sum by shifting each copy of A, ; onto the copy to its
right. The situation is symmetric if of(x) is a decreasing Z-orbit.

In summary, ext(f) decomposes as a pairwise disjoint collection of orbitals: an
initial orbital O (c), which is either a singleton orbital, finitary orbital, or w-orbital,
a final orbital Oy(d), which is either a singleton, finitary, or an w*-orbital, and a
(possibly empty) collection of intermediate orbitals Of(x), each of which are either
singletons or Z-orbitals.

Further, we have Of(c) = O¢(d) if and only if one (equivalently, both) of these
orbitals is finitary, in which case Of(c) = Os(d) = ext(f) and f is either increasing
or decreasing on all of K.

From this, we get the following relationships between the orbital decomposition
of f and its designation from Definition [3.2

i. If f is a push, then O¢(c) = Oy (d).
ii. If f is an expansion or compression, then f is non-increasing at one of the
endcuts ¢, d and non-decreasing at the other; hence O¢(c) < Oy(d).
iii. If f is a slide, then it may be that either Of(c) = O¢(d) or O(c) < O¢(d).

111 1R

4. BASIC ARITHMETIC IN (LO,+)

Here we collect the basic arithmetic facts about discrete sums in (LO, +) that
we will need in later sections. Many of these results are due to one or both of
Lindenbaum [6] and Tarski [9].
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Perhaps the fundamental observation about sums of linear orders is Linden-
baum’s Theorem [£.11] along with its alternate form In the language of the
previous section, it says that if f : K — X is a compression that does not fix
either endcut of its domain K = [c,d], then Oy(c) is an w-orbital and Oy (d) is an
w*-orbital.

Cut conventions: When working with isomorphisms or convex embeddings of
discrete sums, we will often label cuts in the target order corresponding to cuts at
the + signs in the embedded sum.

For example, suppose X = [c,d] is a linear order labeled by its endcuts, and
X =2 Ag+ Ay + As. A cut sequence in X witnessing this isomorphism is a sequence
of cuts of the form

c=qp< a1 <ay<az=d

where [a;,a;41] =2 A; for 0 < ¢ < 2. Sometimes we double label such cuts. For
example, if X =2 A+ B we may write
c=aq<a,.=b <b.=d

for a sequence witnessing this decomposition, i.e. for which we have [a;,a,] = A
and [b;,b,] = B. When there is no danger of confusion, we sometimes informally
identify such orders with their corresponding segments in X. For example, given a
map f: X — Y, we may write f[A] for the image of [a;, a,] under f.

Proposition 4.1.

i. X <init Y if and only if Y =2 X + A for some A € LO,;
ii. X <pin Y ifand only if Y =2 A4 X for some A € LO;
iii. X <cony Y ifand only if Y &2 A+ X 4+ B for some A, B € LO.

Proof. Clear. O

Proposition 4.2.
i If X <inie Z and Y <ipir Z, then either X <;nie Y or Y <inir X.
ii. If X <pin Z and Y <y, Z, then either X <y Y or Y <pip X
Proof. Clear. ]

Proposition 4.3.
i. If B gimt C then A + B ginit A + C.
ii. If B <fin C,then B+ A <fin C+ A
Proof. For (i.): B <nit C implies C = B + D for some D by Proposition
Hence A+ C =2 A+ B+ D, and so A+ B <;ni: A+ C by the same proposition.
The proof for (ii.) is symmetric. O

Proposition 4.4. If A+ B <cony X + Y, then either A <cony X or B <conw Y.

Proof. Label X +Y = [¢,d] by its endcuts. Let p denote the cut at the + sign in
X +Y, sothat [¢,p] 2 X and [p,d] =Y. Let
a; < ar =b <b,

be a sequence of cuts in X + Y witnessing A + B <cony X + Y, i.e. such that
[a;,ar] =2 A and [b,b,] &2 B. If a. < p then [a;,a,] C [¢,p], which witnesses
A <conv X. Symmetrically, if a, > p, then B <cony Y. O



18 GARRETT ERVIN AND ERIC PAUL

Corollary 4.5. Fix a natural number n > 1. If
A0+A1+"'+An71 <conv BO+BI+"'+Bn717

then A; <conv B; for some i < n.

Proof. By induction on n. The claim for n = 1 is immediate.
Assume the result for n and suppose Ag+ A1+ -+ A, <conw Bo+B1+---+B,.
Writing this as
(AO R An—l) + An gconv (BO + -+ Bn—l) + Bna
Proposition [£.4] gives that either Ag + -+ + Ap—1 <conw Bo + -+ + Bp—1, which
yields the claim by induction, or A,, <conv Bn, which also yields the claim. O

Proposition 4.6. (Tarski’s directed refinement postulate; cf. [9, 1.1.I1T]):
i If ZiEw A1 gconv X + Y7 either ZieUJ Az gconv X or ZiEW Ai+k0 gconv Y
for some kg € w.
ii. If ZiGw* Ai <conv X+ Yu either Ziew* Ai <con'u Y or ZiGw* Ai+k0 <conv
X for some kg € w.
Proof. For (i.): Label X +Y = [¢,d] and let p be the cut at the + sign. Fix an
increasing sequence of cuts
apg < a;p <...
in X +Y such that [a;,a;41] = A; for all i € w, and let b denote the cut at
the right of this sequence. If b < p, then the sequence q; lies entirely in X and
witnesses Ziew A;i <conw X. If b > p, let kg be least such that ap, > p. Then the
tail-sequence a;y, lies in Y and witnesses Ziew Aitky Sconv Y-
The proof for (ii.) is symmetric. O

Induction yields the following n-sum version of Proposition

Corollary 4.7. Fix a natural number n > 1.

i If ZiEw A; <conv Xo+ X1+ -+ X,,_1, then there is a natural number kg
and index 49 < n such that » .. Aiir, <conv Xip-

i, If Ziew* A; <conv Xo+ X1+ ---+ X,,_1, then there is a natural number
ko and index 9 < n such that ), . Aitr, <conv Xig-

Since for any natural number kg we have wA =3, A; = Y. Aiik,, where
A; = Afor all i € w (and symmetrically, for w*A), Corollaryyields the following.
Corollary 4.8. Fix a natural number n > 1.

i fwA <conw Xo+ X1+ -+ 4+ X1, then wA <;ony X;, for some i < n.

il If w*A <conw Xo + X1+ -+ Xp—1, then w*A <;ony X;, for some ig < n.
Lemma 4.9. The following identities hold:

i A+ wA = wA,;

ii. w*B+ B B.
Proof. For (i.): Informally, we have

A+ wAX2 A+ (A+ A+ )ZA+ A+ A+ =wA.
Formally, by definition we have

wA = {(n,a):n€w,a€ A}
A+wA = {(0,a):aec A}U{(1,(n,a)) :n€w,ac A}
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both with the lexicographic ordering. The map f : A + wA — wA defined by
f(0,a) = (0,a) and f(1,(n,a)) = (n+ 1,a) is an isomorphism.
The proof for (ii.) is symmetric. O

One way to justify the informal associativity argument in the proof above is
to show directly the visually obvious fact that 1 + w = w, and then quote right
distributivity of the product to write A + wA = (1 + w)A X wA.

We will sometimes make use of similarly basic (and visually clear) additive and
multiplicative absorption properties of the discrete orders w,w*, and Z, sometimes
without explicit justification. For example, for any natural number n > 1 we have

wn 2w, w'n 2 w*, and Zn = 7Z, which yields the following proposition.

Proposition 4.10. For any n € w, the following identities hold:
i wnX) =2 wX;
il. w*(nX) ¥ w*X;
ili. Z(nX) 2 ZX.
Theorem 4.11. (Lindenbaum; [0, 3.1)) X =2 A+ X + B if and only if there is a
linear order C' such that X 2 wA + C + w*B.

Proof. The backward direction follows from Lemma|4.9|and the associativity of the
sum. So assume X = A+ X + B and label X = [c¢,d] by its endcuts. We assume
A and B are non-empty; the argument is similar when one or both of these orders
is empty.

Fix a sequence of cuts

c=q<a=x<x.=b <b.=d

in X witnessing the isomorphism X = A + X + B, i.e. such that [a,a,] & A,
[z, 2] =2 X, and [b;,b,] & B.

Fix an isomorphism f : X — [z, 2,]. Then f is a convex self-embedding of X
with

AC,f - [C,f(C)] = [al7a?”] = Aa

and similarly Ag; = B. Hence Of(c) = wA and Oy(d) = w*B, and these orbitals
are disjoint since f is increasing at ¢ and decreasing at d. Letting ¢, ¢, denote
the cuts at the right of Of(c) = [¢, ¢] and left of Of(d) = [¢,, d] respectively, and
letting C = [¢;, ¢,], we have

X [e,er] + [ery er] + [er, d]

wA+C+w*B,

as claimed. O

[l

Definition 4.12.
i. X absorbs A on the left if A+ X = X;
ii. X absorbs A on the right if X + A= X.
Corollary 4.13. (cf. [9, 1.25])
i. X absorbs A on the left if and only if wA <;pit X;
ii. X absorbs A on the right if and only if w*A <g, X.

Proof. For (i.): Since wA <jn;¢ X implies X = wA 4 C for some linear order C,
the forward direction follows from Lemma [£.9] For the backward direction, apply
Theorem with B = (0.

The proof for (ii.) is symmetric. O
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Theorem 4.14. (Lindenbaum; [6, 3.2]) X ¥ A+ X + Bifand only if X ¥ A+ X
and X = X + B.

Proof. If X 2 A+ X + B, then wA <jni X and w*B <ji, X by Theorem
By Corollary .13 A+ X 2 X + B~ X.
Conversely, if A+X = X and X+B = X, then X 2 A+(X+B) 2 A+X+B. O

Corollary 4.15. (Lindenbaum; [6, 3.3]) If X <;nit Y and Y <y, X then X =Y.

Proof. The hypotheses give Y =2 X 4+ B and X 2 A+ Y for some orders A and
B. Hence X & A+ X + B, which gives X 2 X + B by Theorem [£.14] and so
XY, O

Corollary 4.16. If X <t Y, X <fin Y, and Y <eonw X, then X 2V

Proof. The hypotheses X <jfin Y and Y <cono X give that ¥ = A + X and
X 2C+Y+ D for some A,C;,D. Thus X =2 C + A+ X + D, which gives
X = (C+ A+ X by Theorem [£.14] Hence X = C'+Y, and so Y <y, X. But then
since X <init Y, we have X =Y by Corollary O

Corollary 4.17. f X 2 A+ X+ M+ X + B then X 2 X + M + X.

Proof. Twice applying Theorem we have
X2A+X+M+X+B) = X2X+(M+X+DB)
~ (X + M)+ X+ B,
= X¥(X+M)+X
~ X + M+ X,

as claimed. [l
Corollary 4.18. 2X = X if and only if 2X < ono X.

Proof. Asisomorphisms are convex embeddings, the forward direction is immediate.
If 2X <cono X, then X 2 A+ X 4+ X + B for some A, B. Now apply Corollary
with M = 0. |

Definition 4.19. X is splitting if 2X = X.

Corollary says that X is splitting if and only if 2X < yn, X. Observe that
X is splitting if and only if nX =2 mX for every pair of integers n,m > 1.

Theorem 4.20. (Tarski; [9, 1.47]) The following are equivalent:

i. There exist natural numbers n < m such that mX <.on, nX.
ii. For every pair of natural numbers n,m > 1, nX =2 mX (i.e., X is splitting).

Proof. Assume (i.). Since mX = nX + (m — n)X we have nX <;ni mX. Sym-
metrically, nX <f;, mX. Since also mX <cony nX, Corollary implies
mX = nX. Writing this as (m — n)X + nX = nX, it follows from Theorem
that w(m — n)X <ipie nX, which gives wX <jnir nX.

From this and Corollary it follows wX <cony X. Since 2X <jnir wX, we
have 2X <cony X. Hence 2X = X by Corollary which gives (ii.).

The reverse direction is immediate. [

Theorem [4:20] immediately yields the following, which says that the finite mul-
tiples of a given linear order are either pairwise distinct or all isomorphic.
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Corollary 4.21. (The splitting dichotomy) Exactly one of the following holds:

i. For every pair of natural numbers n # m, nX % mX;
ii. For every pair of natural numbers n,m > 1, nX 2 mX (i.e., X is splitting).

The following theorem gives left and right-sided finite cancellation laws for LO.

Theorem 4.22. (Tarski; [9, 1.45]) Fix a natural number n > 1.
i. If nA gim-t TLB, then A gim—t B,
ii. If nA <f4, nB, then A <y, B.

Proof. For (i.): By induction on n. The claim is immediate for n = 1. Assume the
claim for n, and suppose (n + 1)A <;nit (n+ 1)B.

Write (n+1)A=Ag+ A1 +---+ A, and (n+1)B = By+ By + -+ B,, where
A; = Aand B; = B for all i < n. Fix an initial embedding f : (n+1)4 — (n+1)B.
Then either f[Ap] is initial in By, which witnesses A <;n;: B and we are done, or
By is initial in f[Ag], which witnesses B <;pnit A.

In the second case f[A; + -+ A,] is convex in By + - - - + B,,, which witnesses
nA <conw nB. Then Corollary implies A <cony B. Thus in this second case we
have both that A =2 B+ X and B 2 Y+ A+ Z for some X,Y, Z € LO. Substituting,
this gives A>2Y + A+ Z + B, which yields A 2 Y + A by [£.14] Hence B>~ A+ Z,
and so A < B, and we are again done.

The proof for (ii.) is symmetric. O

Lindenbaum’s cancellation theorem [[.1] follows from Theorem (.22

Theorem 4.23. Suppose there is a natural number n > 1 such that nA = nB.
Then A 2= B.

Proof. Since nA = nB implies nA <;nit nB, we have A <;n;+ B by Theorem [4.22]
On the other hand, nA = nB also implies nB <f;, nA, which gives B <4, A.
Now A = B follows from O

Central to our study of (LO, +) will be various notions of “archimedean compa-
rability” between orders A and B. A reasonable candidate for such a notion would
be to define A and B as comparable if A is convexly embeddable in some finite
multiple nB of B, and B is in turn convexly embeddable in some finite multiple
mA of A.

For the problems we consider, it turns out to be more useful to view A and
B as comparable when a connected pair of A’s can be embedded in some finite
multiple of B, and vice versa. The following proposition says that for orders that
are comparable in this sense, one is splitting if and only if the other is splitting.

Lemma 4.24. Suppose 24 <cony nB and 2B < ony, mA for some natural numbers
n,m > 1. Then A is splitting if and only if B is splitting.

Proof. Suppose first that A is splitting. Then 24 = mA, and so 2B <cony A. We
also have 24 = nA, and so nA <cony nB, which yields A <.ony B by By
transitivity of <conw, 2B <conv B. Then B is splitting by as desired.

The argument for the converse is symmetric. O

Definition 4.25. Define A ~,,, B if there exist natural numbers n,m > 1 such
that 24 <conw B and 2B <.ono MA.

Thus Lemma [{:24] says that whenever A ~,,, B, A is splitting if and only if B
is splitting.
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5. EUCLIDEAN ALGORITHMS FOR ALMOST COMMUTING PAIRS

We define Euclidean algorithms for pairs of linear orders A, B that, in a one-
sided sense, almost additively commute. The left-sided version of the algorithm
applies to pairs satisfying the relation

B+ A <init A+ B.
The symmetric right-sided version applies to pairs satisfying
B+ A<ym A+ B.

These algorithms are the basis for the subsequent work in the paper.

5.1. Division setups. Fix A,B € LO such that B+ A <;nit A+ B. Label
A+ B = |[c,d] by its endcuts. Fix a cut sequence

c=ag < apr = by < bor =d

where ag, = bg; is the cut at the + sign in A + B, so that [ag;, aor] = A and
[bot, bor] = B. Denote these intervals by Ay and By, respectively.
Since B + A <;nit A+ B, there is also a cut sequence

c=b<pl"=al <a" <d

in A+ B where [b!,b!"] = B and [a'!,a!"] = A. We write B; and A; for these
intervals. Let X denote the extra segment [a!",d]. Then this labeling witnesses
A+B=2B+A+X.

Fix isomorphisms 7 : Ag — A; and p : By — By, i.e. 7 : [ag,aor] — [0, a
and p : [bY, 0] — [bo,bo,]. Then 7 and p are partial convex self-embeddings of
A + B that are both increasing at the left endcut c.

Observe 7(c) = 7(ag) = a'' = b'" so that By = [¢,7(c)]. Hence By = p[B;] =
[p(c), pr(c)]. Similarly, Ag = [c, p(c)] and hence A; = [7(c),7p(c)]. The fact that
B; + Aj is initial in Ay + By is expressed by the inequality 7p(c) < p7(c) = d.

Either 7(c) < p(c) or 7(c) > p(c) depending on whether By sits initially in A
or vice versa. In the first case, we say B is the (left) divisor of the (left) dividend
A in the relation B + A <;ns+ A+ B, with the terminology reversed in the second
case.

1l7 17“}

Definition 5.1. Suppose that I = [c,d] is a linear order labeled by its endcuts,
and 7 and p are partial convex self-embeddings of I satisfying the following left
setup conditions:

i. ¢ € dom(p) Ndom(7),
ii. p and 7 are increasing at c,
iii. p(c) € dom(r) and 7(c) € dom(p),
iv. 7p(c) < pr(c) =d.
The triple (I = [¢,d]; p, T) is a left division setup.
If 7(c) < p(c), the setup is in Case (1I.).
If 7(c) > p(c), the setup is in Case (1II.).

Fix a left division setup (I = [¢,d]; p, 7). Labeling A = [¢, p(c)] and B = [¢, 7(c)],
we have 7[A] = [7(¢),7p(c)] = A and p[B] = [p(c), pr(c)] = B. The cut sequence
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¢ < p(c) < p7(c) = d decomposes I as a sum:

I e, p(c)] + [p(c), pT(c)]
A+ p[B]

A+ B.

IR 1R

Label X = [rp(c), p7(c)]. Then the sequence ¢ < 7(¢) < 7p(c) < pr(c) = d
yields the decomposition

I e, 7(c)] +[7(c), Tp(e)] + [Tp(c), p(c)]
B+T1[Al+X

B+A+X.

1R 1R

Thus the left setup (I; p, 7) witnesses a relation of the form B + A <;n;+ A+ B.
Conversely, by the preceding discussion such a relation (along with a choice of cuts
and isomorphisms witnessing it) determines a pair of functions p, 7 that satisfy the
left setup conditions on I = A + B.

We will also call a relation of the form B + A <;n;+ A + B (or equivalently,
A+ B2 B+ A+ X) aleft division setup, with the caveat that an actual left setup
is not determined by such a relation until a pair of cut sequences and isomorphisms
witnessing the relation are fixed.

If they are fixed and labeled as above, then the resulting left setup is in Case (I.)
if B is the divisor of the setup and A the dividend, and Case (IL.) if the roles are
reversed. Said another way, Case (I.) corresponds to the dividend being adjacent
to the extra segment X in the isomorphism A+ B = B+ A+ X, and Case (II.) to
the divisor being adjacent to X.

Right division setups are defined symmetrically.

Definition 5.2. Suppose that I = [c¢,d] is a linear order labeled by its endcuts,
and 7 and p are partial convex self-embeddings of I satisfying the following right
setup conditions:

i. d € dom(p) Ndom(r),

ii. p and 7 are decreasing at d,
ili. p(d) € dom(7) and 7(d) € dom(p),
iv. ¢=pr(d) < 7p(d).

The triple (I = [¢,d]; p,T) is a right division setup.
If 7(d) > p(d), the setup is in Case (I.).
If 7(d) < p(d), the setup is in Case (II.).

If we label the p-jump [p(d),d] (now beginning from the right) by A and the 7
jump [7(d),d] by B, then a right division setup corresponds to a relation of the
form A+ B <yin B+ A, or equivalently X + A+ B = B + A.

If p(d) < 7(d), then B is the right divisor and A the right dividend of the system,
and the roles reverse if 7(d) < p(d). Again, Case (I.) corresponds to the dividend
being adjacent to the extra segment X, and Case (I1.) the divisor.

A symmetric setup is a left setup (I = [c,d]; p, ) satisfying 7p(c) = p7(c) = d.
Symmetric setups correspond to commuting isomorphisms A + B = B + A. Since
there is no gap segment X for symmetric setups, the distinction between Cases (I.)
and (II.) vanishes.
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5.2. Stage of the left Euclidean algorithm. We define a stage of the left-sided
Euclidean algorithm and then walk through an instance of such a stage. A stage
for the right-sided algorithm is defined symmetrically.

Definition 5.3. A stage of the left-sided Fuclidean algorithm is executed as follows:
INPUT: a left setup (I = [¢,d]; p, 7).
— CASE (1.):

— Subcase (1.i): 7"(¢) < p(c) for every n > 0. STOP.

— Subcase (Lii): 7V (c) = p(c) for some N > 1. STOP.

— Subcase (Liii): There exists N > 1 such that 7VV(c) < p(c) < 7V (c).
— Let ¢ = 1V(c);
— Let I' = [tV (¢),d] = [¢, d];

— Let p/ = pr~" and 7/ = 7.
— GOTO next stage on input (I’ = [/, d]; p/, 7).
— CASE (IL.):

— Subcase (ILi): p™(c) < 7(c) for every n > 0. STOP.
— Subcase (ILii): p¥(c) = 7(c) for some N > 1. STOP.
— Subcase (ILiii): There exists N > 1 such that p™(c) < 7(c) < pV*1(c).
— Let ¢ = p™(c);
— Let I' = [pN(¢),d] = [, d];
— Let 7/ =7p " and p' = p.
— GOTO next stage on input (I’ = [¢/,d]; p’, 7).

Consider an input left setup (I = [¢, d]; p, 7). Departing slightly from our conven-
tions above, let A = [¢, p(¢)] and B = [¢,7(c)]. Let X = [rp(c), p7(c)] = [Tp(c),d].
Suppose first the setup is in Case (I.).

In Subcase (I.i), the cut sequence

c<t(e) <) < ...

traverses the w-orbital O (c) = wle, 7(c)] = wB. Since the iterates 7 (c) lie below
p(c), this orbital is initial in A. Hence wB <jnit 4, and so B+ A = A. In this case
we say the algorithm terminates in an absorbed factor.

We remark that Subcase (I.i) must occur if 7p(c) < p(c) (i.e. if 7 is non-increasing
at p(c), i.e. if p[B] is a final segment of X) as then 7 is a compression of A.

In Subcase (1.ii), the cut sequence

c<t(e)<...<m™(c) = p(c)

yields the decomposition

A = e p(c)]
= [e,7() +[r(0), ()] + -+ + [TV (e), 7V ()]
= B+7[B]+7B]+---+ 7B
~ NB,

and we say the algorithm terminates in a divisor.
In Subcase (Liii), let A’ = [TV (c), p(c)] = [¢/, p(c)]. We view A’ as the remainder
in the division of A by B from the left. Notice that we have

A (e, p(c)]

e, 7()] + [r(c), T2()] + - + [TV He), 7V ()] + [TV (e), p(c)]
NB+ A

il
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Now let B’ = 7V [B] = [tV (c), 7V *1(c)], and notice that we have A’ = [¢/, p’ ()]
and B’ = [¢/,7'(¢')]. Observe that I’ is traversed by the cut sequence

N(e) < ple) < TNHe) < Tple) < prie) = d.
which is the same as the cut sequence
d<pd)<t(d)< TP () <p () = d.

Thus the input (I’ = [¢/,d];p’,7"), on which we GOTO the next stage, is a left
setup in Case (IL.).

To express this arithmetically, observe that the subsequence ¢’ < p/(¢) < p'7'(c)
yields the decomposition

= [0 (@) +[p'(¢), P ()]
_ WLy
~ AI+B/

whereas the subsequence ¢ < 7/(¢’) < 7'p/ (') < p'7/(¢) yields the decomposition
I O+ )] P ). 0 )]

B +7'A+ X

B + A"+ X.

Il

Since A’ is initial in B’, we are set up to divide B’ by A’ from the left. This is a
Case (I1.) setup since A’ is adjacent to the extra segment X.

Suppose now we begin in Case (II.). The discussion is almost symmetric with
Case (L.).

In Subcase (IL.i), p witnesses that B has an initial segment isomorphic to wA.
We note that since p is increasing at 7(c) (as p7(c) = d > 7(c)), Subcase (IL.i) is
never forced to occur in the same sense as is possible for Subcase (L.i).

In Subcase (ILii), p witnesses B = N A.

In Subcase (ILiii), define the remainder B’ = [p¥ (c), 7(c)] = [¢, 7(c)]. Then

B =[e,7(c)] = [e, oV ()] + [p™ (c), 7(c)] = NA+ B,

It is straightforward to check that (I’ = [¢/,d]; p’,7’), the input data on which
we GOTO the next stage, is a left setup in Case (I.). To express this arithmetically,
let A" =[c/,p'(c')] = A. Then on one hand we have

I' = [dp7(c)]
= [+, o7 ()]
= A'+p[B]
~ A/JFB/7

and on the other,

II
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Since B’ is initial in A’, it is set up to divide A’ from the left, which is a Case (I.)
setup.
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5.3. Run of the left algorithm. Beginning at Stage 0, on an input left setup
(I; p,7) the Euclidean algorithm runs until termination at some finite stage, or
for infinitely many stages. We describe the arithmetic information yielded by the
algorithm in both cases.

Since they will feature in our later results, including the revised version of
Tarski’s conjecture we will be especially interested in the one-sided infinite
discrete sums wA and w* A of orders A appearing as an additive term at some stage
of the algorithm.

Suppose the algorithm does not terminate before Stage k. Let I denote the
interval from the input setup at Stage k, and let A, and A1 respectively denote
the dividend and divisor at Stage k. Then either

In =2 Ap + Appn 2 A + A+ X

or
I = A+ Appr + X =2 Ay + Ay
depending on whether the input setup at Stage k is in Case (I.) or (II.).
Non-termination at Stage k: If the algorithm does not terminate at Stage k,
define I11 = I}, in the notation above. Then for some N}, > 1 we have

Ap & NpApyr + Apyo
where Ay = Aj in the notation above, and either

Inp1 2 Apyo+ App1 2 Ap1 + Ay + X

or
L1 2 Apyo + At + X 2 A + Apgo
depending on whether the output setup at Stage k is in Case (II.) or (I.).
Termination at Stage k: Suppose now the algorithm terminates at Stage k. From
the previous stages we have the system

Ay = NoA; + Ay
Al = N1A2—|—A3
(5.1) .
A1 =2 N1 Ap + Apga.

— Termination in a divisor: If the algorithm terminates in a divisor, we have
Ag =2 N Ag4q for some N > 1. We note that if k£ > 0, then since the input setup
at Stage k does not have p(c) = 7(c), termination in a divisor implies that in fact
N > 2.

By inductively back substituting into the isomorphisms from the system 5.1| (just
as in the usual Euclidean algorithm), we may write each A; for i < k as a multiple
A; =2 M; A1 of Agy1. Thus for every i < k we have

(J.)Ai = w (MZ'AkJrl )
= WAy
Likewise
w*Ai ~ W Ak+1 s
ZAZ = ZAk+1 .

In particular, wA; =2 wA;, w*A; = w*A; and ZA; = ZA; for all i,j < k.
— Termination in an absorbed factor: If the algorithm terminates in an ab-
sorbed factor, we have Ay 1 + A = Ag.
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If k =0, then Ay + Ay = Ap, which gives wA; <init Ao by [£13]
If £ > 0, then we claim that for each 0 < ¢ < k, there is a positive integer M;
such that

i. if 7 is odd, then Ap_; = M; A + Agy1;
ii. if 4 is even, then A,_; = M; Ay.

Indeed, if ¢ = 0, the claim holds with My = 1. If ¢ = 1, the last isomorphism in the
system [5.1] gives the claim by taking M; = Nj_;.

Suppose i > 1 and the claim is true for j <. If i is even, then by induction we
have

M;_1Ap + Apya,
M;_5Ay.

Ag—(i-1)
Ap_(i-2)

[t

Then since Ap—; & Ni_;Ap_(i—1) + Ar_(i—2) We have

Ap_i Ni—iAp—(i—1) + Ap—(i-2)
Np—i(M;—1 Ak + Ag1) + M2 Ay

M 1 Ap + Appr + M1 A + Apn + -+ My A + Ap + M2 A

111 11

N _; times

1

MiAka

where M; = Np_;M; 1+ M;_- and in passing from the third to fourth line we have
used Apy1 + Ax =2 Aj repeatedly to absorb the Agy; terms into the Ay terms at
their right.

If ¢ is odd, then we have

Mi—lAka
M;_2Ap + Apy1.

Ap—(i-1)
Ap—_(i-2)

11

Then

Api Ni—iAp_(i—1) + Ap—(i—2)
Ni—iMi 1A+ M;_2Ap 4+ Apa
M; Ay + Apqa,

1R 1R

where again M; = Ny_;M;_1 + M;_». By induction, the claim is proved.
Thus for 0 <4 <k, if i =k (mod 2) we have

wA; = w(MZ-Ak)
> wdy;

UJ*A,L' = w*(MzAk)
¥ wrAy;

ZA;, = Z(M;Ay)

ZA.
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Ifi=k+1 (mod 2) we have

wA; w(MlAk + Ak+1)

M;Ag + A + MiAg + A + -+
M; Ay, + M;Ap + - -

wA;

w*(MiAk + Ak+1)

coot MiAg + Apr + MiAg + Ak
<o+ M AR + M AR + Aga

W Ap + Apg1;

Z(M;Ap, + Agy1)

s MiAR 4+ Ay + MiAg + A + -
s+ MiAg + M AR+ - -

Z.A;.

In summary, for all 0 < 4,5 < k we have wA; = wA; =2 wAy, and ZA; = ZA; =
ZA,. If i = j = k (mod 2) then also w*A; = w*A; = WAy, Ifi+1=j=k
(mod 2), then w*A; 2 w*Ap + A1 Zw*Aj + Apya.

Non-termination: Finally, suppose that the algorithm does not terminate at any
stage. Then after infinitely many stages we have a system of isomorphisms:

(52) {Ak = NkAkJrl + Ak+2 ke w}.

w*Ai

ZA;

1R MR MR MR iR R 1R 1R

We will study such systems in later sections. In Section [0} we will show that
frequently (though not always) the infinite discrete sums of the terms appearing in
such systems satisfy the same isomorphisms as in the terminating cases.

More specifically, we will show that if the system [5.2] satisfies a sufficiency hy-
pothesis, then we have wA; = wA; and ZA; = ZA; for all i, j > 0; and w*A; = w* A;
for all 4,5 > 0 with ¢ = j (mod 2). See Theorem

5.4. Run of the right algorithm. The right Euclidean algorithm on the input
of a right setup (I = [¢,d]; p, 7) is defined symmetrically to the left algorithm. We
will not write it out explicitly. Instead, we simply record the analogous arithmetic
data from a run of the algorithm.

Suppose the right algorithm is run on an input right setup (I = [¢,d]; p, 7). If the
algorithm terminates at Stage k, then from the previous stages we have a system

{Al = AH_Q + NiAi—H 0<i< k},

where A; and A;;; denote the dividend and divisor at Stage i of the run.

If the algorithm terminates in a divisor, then each A; for i < k is a finite multiple
of Apy1. Then we have wA; = wA; = WAy, w'A; =2 w'A; =2 w'Apy and
ZAl = ZAJ = ZAk+1 for all ’L,j S k + 1.

If it terminates in an absorbed factor, we have Ay + Ap+1 = Ag. If £ =0, this
gives Ag + A1 = Ap and hence w* Ay <fin Ao. If & > 0, then for all ¢ < k, there is
a positive integer M; such that

i. if i =k (mod 2), then A; = M, Ay;

ii. if i Z k (mod 2), then A; & Api1 + M; Ay
It follows that w*A; = w*A; = w*Ay, and ZA; = ZA; = ZA, for all 4,j < k. If
i=j=k (mod 2) then wA; = wA; = wAy, whereas if i+1 = j =k (mod 2), then
wA; = Ak+1 + wA, = Ak+1 + UJAj.
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If the algorithm does not terminate at any stage, then it yields a system

{Ar 2 Agio + NiAgyr  k € w}.

5.5. Symmetric runs. Finally, we record the arithmetic information yielded by
a run of the left algorithm on a symmetric setup (I;p, 7). It is straightforward to
check that a run of the right algorithm on the same input yields the same data.

If the algorithm does not terminate before Stage k, then the input interval Iy, at
Stage k satisfies

I A+ Apr &2 A + Ag.

Likewise, from the previous stages k’ < k, we have the commuting isomorphisms
Apr + A =2 A + Apr.

We claim that in fact we have A; + A; =2 A; + A, for all 4,7 < k4 1. Indeed,
suppose we have i, j with ¢ < j—1 < k+1. By back substitution in the isomorphisms
Ay = N App1 + Aprq2, we may write A; as a sum of A; and A;_;. Since A;
commutes with A; and A;_1, it follows A; commutes with A;, as claimed.

Returning to Stage k of the algorithm: if the algorithm terminates in a divisor at
Stage k, then the arithmetic information yielded is the same as in the asymmetric
case: we have wA; =2 wA; = wAp41, wA; 2 wW'A; = W A1 and ZA; = ZA; =
ZAy4q foralli,j < k+ 1.

If it terminates in an absorbed factor, then Apy1 + Ar = Ax + Ap11 = Ag.
When k = 0, this gives A; + Ag & Ag + A1 = Ay, and hence wA; <inie Ao and
w* Ay <yin Ao.

If £ > 0, then from the previous stage we have the isomorphism

Ag—1 = Ng1Ag + Ay

Since Ay + Agr1 = Ay, this gives Ax_1 = Ni_1Ax. Now back substitution into the
previous identities A; = N;A; 11 + A; 4o yields the same arithmetic data as if the
algorithm terminated in the divisor Aj at the previous stage: wA; = wA; = wAy,
WA 2w A 2wt A, and ZA; 2 ZA; = ZA for all 4,5 < k.

For this reason, in practice we often assume that a terminating run of the algo-
rithm on a symmetric setup terminates in a divisor.

Finally, if the algorithm does not terminate, we finish with a system

{Ak > NpAgy1 + Agyo i k € w}

with the property that the terms Aj appearing in this system pairwise additively
commute. We will see later that in this case we always have wA; = wA; and
w*A; 2 w*A; (and hence ZA; = ZA;) for all i,j € w.

6. DIVISION SYSTEMS

In this section we study the systems of isomorphisms Ay & Ny Ag11 + Agyo that
result from runs of the Euclidean algorithm, as well as analogous “rational” systems
arising from repeated divisions without remainders. In proofs of arithmetic results
that involve runs of the algorithm, it is usually only the abstract properties of these
resulting systems that are relevant.

In the definition below we use an indexing variable M that can take the value
w. We adopt the convention that when M = w and n € w, thenn+ M = M = w.
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Definition 6.1. Fix M, 1 < M < w. A left division system D (of length M)
consists of a sequence {Ny : 0 < k < M} of natural numbers Ny > 1, and a
sequence of linear orders {Ay : 0 < k < 2+ M} such that

i. for all k < M, Ak = NkAk,_A,_l + Ak+2;

ii. forallk <1+ M, A, # 0.
We write D = {Ay; Ni; M }.

The system is terminating if M < w. In this case, the terms Ay and Apriq

from the last isomorphism Ap;_1 = N1 Apr + Apre1 satisfy

Aprr +Ap =2 Ay

If Apry1 # 0, then the system terminates in an absorbed factor. If Apr11 = 0, then
the system terminates in a divisor.
The system is non-terminating if M = w.

The notion of a right division system is defined symmetrically. Such a system
consists of isomorphisms of the form

Ap = Apgo + NpApya.

A symmetric division system is a left division system in which A; +A4; =2 A;+ A;
for all terms A;, A; appearing in the system.

As we observed in Section [5.5] if a symmetric system terminates in an absorbed
factor, its final isomorphism is of the form

Ap—1 = NgAy + Avigas

where Apri1 + Ay = Apr + Aprp1 = Ay. By absorbing its Apy4q term, the final
isomorphism yields Ap;_1 = Ny Apr. Thus by replacing the final isomorphism with
its absorbed form if necessary, we may always assume that a terminating symmetric
system terminates in a divisor.

Unless it terminates at Stage 0 in an absorbed factor, a run of the left or right
FEuclidean algorithm yields a corresponding left or right division system, and a run
from a symmetric setup yields a symmetric system. It can be shown, however,
that there exist non-terminating division systems that do not arise from runs of the
division algorithm.

Definition 6.2. Fix M, 1 < M < w. A rational division system D (of length M)
consists of a sequence {Nj, : k < M} of natural numbers N, > 2, and a sequence
of non-empty linear orders {Ay, : k < 1+ M} such that for all k¥ < M we have

Ak = Nk-AkJrl.
The system is terminating if M < w, and non-terminating if M = w.

The term division system and notation { Ag; Ni; M} refers to either a left system,
right system, or rational system of some length M < w.

In a left system, whenever Ay and Ay41 are both defined we have that either
Ap =2 NpAgi1 + Aggo or Ay + A =2 Ag (and hence wAgi1 <inie Ag). In
either case, Ay41 is initial in Ag. Further, whenever Aj,o is defined we have
Apyo <gin Ak, again as Ap = NpAgq + Agyo.

Symmetrically, in a right system, A4 is final in Ay and Ay is initial in Ay
whenever these terms are defined. From this observation the proposition below
follows by induction.
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Proposition 6.3. Suppose D = {Ay; Ni; M} is a division system and n < 2+ M.
i. If D is a left system, then A,, <init Ar whenever k < n, and A, <pin Ag
whenever k <n and n =k (mod 2).
ii. If D is a right system, then A, <jfi, Ar whenever £ <n, and A, <init Ag
whenever k <n and n =k (mod 2).
ili. If D is a symmetric or rational system, then A, <ini Ar and A, <pin Ag
whenever k < n.

The next proposition is an arithmetic expression of the heuristic that consecutive
terms from a division system are almost additively commuting.
Proposition 6.4. Suppose D = {Ay; Ni; M} is a division system.
i. If D is a left system, then for all k£ < M we have

Ap + Agq1 NiAp+1 + Apgo + Apta
App1 + Ag NpApyr + A1 + Ay

ii. If D is a right system, then for all £ < M we have

A1 + Ay, A1+ Agyo + N Ag
Ap + Ak Agt2 + Agy1 + NeAgya.

1R

1R

Proof. For (i.): The first isomorphism is immediate from Ay = NgApi1 + Agio.
For the second, we have

Apyr + A = Apr + NepAggr + Aryo = N Agpr + A + Aggo,
as claimed. The proof for (ii.) is symmetric. O

If D = {Ag; Ni; M} is a left or right system, then from the isomorphisms in
Proposition we can simulate a run of the left or right Euclidean algorithm.

For example, suppose D is a left system. Let Iy = Ay + A; and label Iy = ¢, d]
by its endcuts. Then from the proposition we have

Ip =2 NoAy + As + Ay

Let ¢; be a cut in Iy corresponding to the left + sign in this expression, and let
I = [e1,d]. Then

I = [c1,d] 2 Ay + Ay Z N1 Ay + Ay + A3

Let ¢3 be a cut in I; corresponding to the left + sign, and let Iy = [cg,d] = Ao+ As.
Now iterate. If M < w, we obtain a cut sequence ¢ < ¢; < ¢3 < ... < ¢y < d
witnessing
Iy = NogAy + NiAs+ -+ Ny—1Av + R,
where R = Ay + Apry1 or R Apriq + Apr depending on the parity of M.
Similarly, beginning with I} = A1 + Ay = [¢/,d'], we obtain a cut sequence
d<d<dy<... <y <d witnessing

IL 2 NoAy + NyAs + -+ Ny—1 Ay + R,

where R\ = Apyq + Ay if R =2 Ay + Ay and RO =2 Apyp + Ay if R &
Anryr + A

If instead M = w, then we obtain cut sequences ¢ < ¢; < ¢ < ...and ¢ <} <
¢y < ... with limits b < d and ¥ < d’ witnessing

Io = Ag+ A ZkEw NkAk+1 + L
I =A + A > okew NeArp1 + L

111
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where L = [b,d] and L' = [I/,d']. Tt need not be that L = L', but if this is the case
then these decompositions show Ag + A1 = A1 + Ap.

Taking tails of the sums Zk<M NjAgy1 corresponding to the intervals I and
I;, in the decompositions above yields analogous decompositions for pairs Ay +
Ag41 and Apy1 + Ag. Again, we may interpret these expressions as showing that
consecutive terms in a left division system are almost pairwise commuting, up to a
difference term on the right. A symmetric discussion holds for right systems.

6.1. A splitting dichotomy theorem for division systems. The following
lemma is useful for proving that terms in a given division system are splitting.
We will use it to prove a splitting dichotomy for division systems in Proposition
below.

Lemma 6.5. Suppose D = {Ay; Ni; M} is a division system of length M, and fix
k<M.
If D is a left system, then
i Ap <init (Np + 1) Agga;
i Ag <init Ak + Ags
i, 2Ax41 <init 24k;
iv. 24k42 <init Ak-
Symmetrically, if D is a right system, then
LA <pin (Nk +1)Agq1;
. Ap <pin Ak + Ak
i, 2Ax41 <pin 24k;
iv. 2Ax42 <jin Ag.

Proof. Suppose first D is a left system and M < w. Since k < M, we have
A = NiAgyr + Ao
For (i.): Since Agio <init Ak+1, we have

A = NpAgg1 + Agto <init NeAigg1 + Ak = (N + 1) A,

which giVGS Ak ginit (Nk + 1)Ak+1.

For (ii.): We have

Apyp1 + A = Appr + (NgAg1 + Agg2) = (N + 1) Ap1 + Agto.

Since Ay <init (Ni + 1)Ag+1 by (i), it follows A <init Ak+1 + Ag.

For (iii.): This is immediate if N > 2, as then 2441 <init Ar. Otherwise
A =2 Apy1 + Aggo, and so
(6.1) 24k = Apyr + Apgo + Aggr + Agga.
If k=M —1, then Apyo = Apr41 is left absorbed by Axi1 = Ay, and we deduce
2A) 2 2Ak 11+ Agyo, which gives 2411 <init 2Ak. If k < M —1, applying (ii.) to
the index k + 1, we have Agy1 <init Akt2 + Ary1. Along with this yields the
chain

Apg1 + Aryr <init Ak + Arpo + A1 <inat 24x,

which again gives 2Ax11 <init 24%.

For (iv.): If k = M — 1, then Agio + Apy1 = Agy1. Hence wAgio <init Akt
by which certainly implies 2A4x12 <init Ak.

Ifk < M-—1, wehave Apy1 = Npp1 Ao+ Apss. If Npp1 > 1, then 24,10 <init
A1 and hence 24,19 <ipnit Ag. Sosuppose N1 = 1. Then Ap1 = Apyo+Agys.
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If now N > 1, then 24,41 <init Ar. By (iii.) applied to the index k + 1, we
have 2Ag 12 <init 2Ak+1; hence 2Ax1o <init Ar as well. So suppose finally that
N = 1. Then

(6.2) A 2 Apy1 + Agyo = Apgo + Akt + Ak4a.
If k=M —2, then Agy3 = Apry1 is absorbed on the left by Agio = Ajps, and we
deduce Ay = Agqo+ Agqo = 2A) 42, which implies 2A4x49 <init Ax. Otherwise k <

M —2; and then by (ii.) applied to the index k+2 we have Ay o <init Ag+s+ Agta.
Now along with[6.2] we get the chain

2Ap40 = Apyo + Apyo <init Apo + Apgs + Aggo = Ay,

which yields 2419 <init Ak in this case as well. This concludes the proof of (iv.).
The proofs when M = w are the same, without the casework involving absorbed
factors.
The corresponding facts for right systems are proved symmetrically. (I

The next two propositions are splitting dichotomy theorems for division systems.
They say essentially that the terms Aj appearing in a division system are either
all splitting or all non-splitting. This is true outright when the system is non-
terminating, and also for arbitrary symmetric and rational systems. For terminating
one-sided systems, the situation is slightly more delicate.

Proposition 6.6. Suppose D = {Ay; Ni; M} is a left or right division system.

i. If M < w, then Ay is splitting for some k < M if and only if Ay is splitting
for all K < M.

ii. If M = w, then Ay is splitting for some k € w if and only if Ay is splitting
for all k € w.

Proof. For (i.): Suppose that D is a left division system.
We first make the following claim:

(6.3) If kK < M and Ay is splitting, then A, is splitting.

Indeed, assume k < M and Ay = 2A;. By Lemma (i.), Ag <init (N +1)Ag41,
and hence 2A; <init (Nk + 1)Ag11. On the other hand, 24511 <init 24k by
[6.5] (iii.). Now implies Ay is splitting, as claimed.

We next claim:

(6.4) If 1 <k < M and both Ay and Ay are splitting, then Ag_; is splitting.

Assume the hypothesis of the claim. We will show that in fact Ax_1 = Agx41. Since
k> 1, we have Ap_1 =2 Np_1 Ak + Ap41, and so Ap1 <pin Ax—1. On the other
hand, we have

Ak <init (N +1)Agi1 = Apa
where the isomorphism holds because A1 is splitting. Similarly,
Ag-1 Sinit (Ng—1 + 1) A = Ay,
as Ay, is also splitting. Thus we have
Ap—1 Sinit Ak Sinit Ak+1

which yields Ap_1 <init Ap+1. Now [L.15] gives Ap_1 = A4 In particular, Ay
is splitting, as claimed.
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Now we may finish the proof of (i.). Only the forward direction is non-trivial,
so suppose Ay is splitting for some k < M. Then from the claim we get by
induction that A,, is splitting for all £ <n < M, and in particular Ay is splitting.
If k = 0, we are done. If k > 0, then [6.4] gives that Aj_; is splitting. By induction,
A, is splitting for all 0 < n < k, and hence for all 0 <n < M.

When M = w, essentially the same argument applies and yields (ii.). For right
systems, the argument is symmetric. ([

Proposition 6.7. Suppose D = {Ag; Ni; M} is a rational system of length M.
Then Ay, is splitting for some k if and only if Ay is splitting for all k.

Proof. The isomorphism Ay = NpAgiq gives 24, = 2N Agi1. It follows that
each pair of consecutive terms Ay, Agy1 from the system satisfies the hypotheses
of Lemma Thus Ay is splitting if and only if Ag,, is splitting, and the
proposition follows by induction. ([l

Definition 6.8. A division system {Ay; Ny; M} is non-splitting if Ay is non-
splitting for all 0 < k < M.

Equivalently, by Propositions and a system is non-splitting if its initial
term Ag is non-splitting. If a system is not non-splitting, it is splitting; equivalently,
it is splitting if Ay is splitting for every k < M.

The proofs of Propositions and show that the terms Ay from a splitting
system are pairwise nearly isomorphic. We record this observation in the following
proposition.

Proposition 6.9. Suppose that {Ag; Nx; M} is a splitting division system.

i. If it is a left system, then for all k, k' < M we have Ay <init Ax, and if
=k (mOd 2), then A, = Ay.
ii. If it is a right system, then for all k, k" < M we have Ay <yin Ap/, and if
k=K (mod 2), then Ay = Ay .
iii. If it is a symmetric system, then for all k, k' < M we have Ay = Ay.
iv. If it is a rational system, then for all k, &’ < M we have Ay = A/.

Proof. The proof of (i.) is contained in the proof of Proposition and (ii.) is
symmetric.

Since a symmetric system { Ay} may be viewed as both a left and right system,
(iii.) follows from combined with (i.) and (ii.), as these conditions imply
A <init A and Ay gfm Ay for all k, kK < M.

For splitting rational systems it is immediate that Ay = Ay for all k, k' < M,
as one of these terms may always be written as a multiple of the other using the
isomorphisms from the system. Thus (iv.) holds. d

6.2. Division condensations. To every division system, we associate a global
binary relation on LO.

Definition 6.10. Suppose D = {Ay; N; M} is a division system. Given X € LO
and x,y € X, define

x ~p y if Ax Leonv [{z,y}] for all k < M.

If D is non-terminating, then the associated relation ~p defines a condensation
on every order X.
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Proposition 6.11. Suppose D is a non-terminating division system and X € LO.
Then:

i. ~p is a condensation of X.
ii. ~p is invariant under convex embeddings. That is, if f : X — YV is a
convex embedding, then z ~p y in X if and only if f(x) ~p f(y) in Y.
iii. The condensed order X/~p is either a singleton or densely ordered.

Proof. For (i.): We must show the relation ~p is a convex equivalence relation on
X, that is, an equivalence relation with convex classes. It is clearly reflexive and
symmetric. Since Ag Leonv [{%,y}] implies Ag Leonv [{, 2}] for any z € [{x,y}],
its classes are convex.

To show it is transitive, fix z,y,z € X with z ~p y and y ~p z. If z € [{z,y}]
then by the convexity of ~p we have z ~p z.

So suppose z & [{z,y}]. Without loss of generality, we may assume z < y < z.
Suppose there is k such that Ay <conw [7,2]. Fix a subinterval I = [¢,d] of [z, 2]
that is isomorphic to Ag.

We must have ¢ < y < d. Otherwise, Ay convexly embeds in either [z,y] or
[y, z], contradicting  ~p y or y ~p z. If the system is a left division system,
then since it is non-terminating we have Ay = NyAgi1 + Agio. Fix a cut ¢ with
¢ < ¢ < d corresponding to the cut at the + sign in this expression. If ¢/ <y then
Ap+1 <conw [2,9y], and if ¢ > y then Apio <conw [y, 2], a contradiction in either
case.

Hence x ~p z. The argument is similar in the cases when the system is right or
rational. Thus ~p is transitive, and hence a condensation of X.

For (ii.): By the convexity of f we have Ay <conv [{x,y}] if and only if A <conw
{F (@), f))]-

For (iii.) Let ¢ denote the condensation map for ~p on X, and suppose there
are z,y € X with 6(z) < d(y). Then x p y, and so Ap <conv [,y for some k.
Fix I = [c,d] 2 Ay withz <c<d<y.

If the system is a left system, we have

Ap 2 NpAppr + Apyo = NiApyr + Nego Apys + Agga.

Fix ¢/ < ¢’ with ¢ < ¢ < ¢ < d corresponding to the cuts at the + signs in the
expression on the right. Then for any z € [¢/, "], we have Ag11 <conw [T, 2] and
Agta <conw [2,y] which gives z #%p z and z op y. Hence d(x) < 6(z) < d(y). Since
x,y were arbitrary, X/~p is dense.

The arguments for right systems and rational systems are similar. (I

As in the proof of Proposition we will write dp, or simply 4, for the con-
densation map of a non-terminating system D.
Part (ii.) of Proposition can be reformulated as follows.

Corollary 6.12. Suppose D is a non-terminating division system and X € LO. If
f: X =Y is a convex embedding, then for every z € X we have

flo(z)] = o(f () N fIX].
In particular, if 6(f(x)) C f[X], then f[d(x)] = 6(f(x)).
It follows from Corollary that if D is non-terminating and f: X — Y is an

isomorphism, then f lifts to an isomorphism f : X/~p — Y/~p defined by (and
well-defined by) the rule f[d(z)] = §(f(z)).
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6.3. D-branchings. Given a non-terminating division system D, we will be inter-
ested in computing the condensation classes §(z) of ~p in a given order X via
countable nested intersections of copies of the division terms Aj. This turns out to
always be possible when D is non-splitting.

Definition 6.13. Suppose D = {A;} is a non-terminating division system. A
D-branching in X consists of a decreasing sequence of intervals {I,, : n € w}

X2Ih2LD...

along with two sequences of natural numbers {k, : n € w} and {l, : n € w}, the
first of which is strictly increasing, such that for all n € w we have

i. In = Ak,,,;
ii. Aln <conv (In \In+1)~
We denote the D-branching by {I,,; k,; 1.}, or simply {I,}.

When D is non-splitting, D-branchings are the means by which we will zoom in
on ~p-classes 6(z) in a given order X. They are typically constructed by a version
of the following procedure:

e Start with an interval Iy C X that is isomorphic to Ay = Ag, for some
term Ay appearing in D (a left system, say);
e Decompose Iy to witness Ay & Ny A1 + Agyo;
e Choose a subinterval I; corresponding to one of the terms Ay, in this ex-
pression;
o Iterate.
All interval sequences {I,,} constructed this way are branchings. Definition
allows for slightly more general constructions.

Suppose that {I,,} is a D-branching. Since the I,, are intervals, each difference
I, \ I 41 consists of an initial segment L,, and final segment R,, of I,,.

The branching is rightward if for infinitely many n we have A; <cony Ln and
leftward if for infinitely many n we have A;, <cony Rn. Condition (ii.) in the
definition implies that any branching is either leftward or rightward. A middle
branching is a branching that is both leftward and rightward.

We will be interested in taking intersections of branchings. In general, if {I,} is a
descending sequence of intervals and we label each I, = [¢,,, d,,] by its endcuts, then
letting ¢ denote the cut at the right of the non-decreasing sequence ¢y < c¢; < ...
and d denote the cut at the left of the non-increasing sequence ... < d; < dy, we
have (), I, = [c,d]. In the case when ¢ = d this intersection is formally empty, but
we sometimes view it as the cut singleton {c}.

Proposition 6.14. Suppose D = {A;} is a non-terminating and non-splitting
division system and {I,; kn;l,} is a D-branching in X. Fix a point x € ), I,,.
i. If the branching is rightward, (,, I, is an initial segment of 0(x);
ii. If the branching is leftward, (N, I,, is a final segment of §(x);
iii. If the branching is middle, (N, I, = é(x).

Proof. : For (i.): As above, label each I, = [¢p,d,] by its endcuts, as well as
N, In = [c,d]. For each ng we have (), I <conv In, = Ay, - Since the indices &y,
are strictly increasing, this implies (), I <conv Ay for all k.

We first show (), I, € 0(z). Fix y € (), In. If y o x, then for some k we
have Ak Lconw [{yvx}] Since [{ya CE}] gconv nn In gconv Ak+27 this giVeS Ak gconv
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Ajy2. By Lemmal6.5] it follows that 24549 <conv Akt2. Thus Ay is splitting by
and so D is splitting as well, a contradiction. Thus y ~ 2 and (,, I, C §(x)
as claimed.

We now show (), I, is initial in §(x). Fix 2’ € §(x) and suppose 2’ < y for
some y € (), In. If 2’ & (N, In, then for all sufficiently large n we have 2’ <
Cn. Since the branching is rightward, there is N such that #’ < ¢y < ¢y41 and
Ay <conv [ensens1]. Tt follows Ay <conw [2/,y], and so @’ £ y, ie. o' & d(y).
Since y € (N, In € d(x) we have 6(y) = (). Hence 2’ € §(x), a contradiction, and
it follows (,, I, is initial in §(x), as claimed.

A symmetric argument gives (ii.). Then (iii.) is immediate by combining (i.)
and (ii.). O

In Section [0 we will construct symbolic representations of the orders Ay in a
given non-terminating system D. We will use Proposition to show that for
non-splitting D, these representations are canonically expressed in terms of the
~p-classes §(x).

7. NEW COMMUTATIVITY LAWS FOR (LO,+)

In this section, we solve Tarski’s Generalized Sum Problem for LO in the
affirmative; see Theorem [7.6] below. Along the way, we establish several arithmetic
conditions on pairs A, B € LO that either imply or are implied by the isomorphism
A+ B = B+ A. These results will be used in the proof of the revised version [1.6
of Tarski’s Commuting Pairs Conjecture [L.5 in Section

Our fundamental result of this section is the following theorem.

Theorem 7.1. If B4+ A <jnit A+ B and B+ A <y A+ B then A+ B= B+ A.

Proof. Fix a left setup (I = [e,d]; p, 7) witnessing B + A <;nit A+ B. Let Ag, 44
respectively denote the dividend and divisor among A, B in this setup. Run the
left Euclidean algorithm on input (I; p, 7).

Suppose first the algorithm terminates at a finite stage k. From the previous
stages, we have the division system

Ag =2 NoAi+ Ay
A = NiAs + A3
Ap1 =2 Np1Ap + Apga.

If the algorithm terminates in a divisor, we have Ay = NiAp,1. By back sub-
stitution, Ag =2 MApy; and A7 = NAg4q for some integers M, N > 1. Hence
Ag+ A1 2 A+ Ap, i.e. A+ B =B+ A, and we are done in this case.

If the algorithm terminates in an absorbed factor, then A1 + Ax = Ag, and
hence wAg 11 <init Ag. If K> 0, then from the discussion in Section there are
integers N, N’ > 1 such that one of A, B is isomorphic to NAy + A1 and the
other is isomorphic to N’ Ay, depending on the parity of k. And if K = 0 (i.e. the
algorithm terminates at Stage 0 in an absorbed factor, so that A; + Ag = Ay), then
the same is true taking N =0 and N’ = 1.

In either case, let M = N + N’. Then M > 1 and one of the following holds:

i. A+ B2 MA; and B+ A= MAg + Agyq;
ii. A+BgMAk+Ak+1 andBJrA%MAk
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Suppose (i.) holds. Then since M Ay, <init M Ag + Agy1, it follows A + B <init
B + A. By hypothesis we have B + A <f;, A+ B. Therefore A+ B = B + A by
Corollary and we are done in case (i.).

Now suppose (ii.) holds. Then from B + A <jf;, A+ B, we get

MAg <pin MA + Agy1.
Since A <jpin M Ay, it follows Ay <jpin MAR + Apyq. Since also A + A1 <fin
MAy, + Agyq, by one of the following holds:
a. Ay <fin A + Akt
b. Ap + Ap1 <fin Ak

Suppose (ii.b.) holds. Then Ay =Y + Ay + Agy1 for some Y. Then by we
have A; + Ak—i—l =~ Ai. Then

A+ B2 MAL+ A1 EMA, =2 B+ A,

and we are done in case (ii.b.).

Now suppose (ii.a.) holds. Label Ay + Ai+1 = [I,7] and let p denote the cut at
the + sign in this expression, so that [I,p] & Ak and [p,r] = Ag41. Let g be a cut
in Ay + Agy1 witnessing Ay <pin Ax + Agy1, i.e. such that [g,r] = Ag. Then one
of the following holds:

X. ¢ 2P;
Y. g <p.
If (ii.a.x.) holds, then Ay <jin Agt1. Since Agy1 <init Ak, this gives Ay = Apyq
by Since wAk 1 <init Ar, we have the chain
2Ak 11 <init WARt1 <init Ax = Apqr

which gives 2411 <init Ary1. Hence Apyq is splitting by and so Ay is
splitting as well. Now we have

A+B%MA]C+A]€+1gMAk+Ak%J(M+1)AkgAkgMAkgB+A,

and we are done in case (il.a.x.).

Suppose (ii.a.y.) holds, and fix an isomorphism f : [¢,7] — [I, p]. Since ¢ < p, fis
an overlapping partial convex self-embedding, decreasing at the right endcut r of its
domain. The jumps in the orbital Of(r) are isomorphic to [f(r),r] = [p,r] = Agt1.
There are two further possibilities:

0. O¢(r) is a finitary orbital;
1. O¢(r) is an w*-orbital.

If (ii.a.y.0.), from the discussion in Section (see equation we have that
Oy(r) decomposes ext(f) = [I,r] = A + Ap41 as a sum C + N Ay, for some final
segment C' of Agyq1. Viewing C + NAg41 as a final segment of (N + 1)Ag41, we
have the chain

WAR+1 Sinit Ak Sinit Ax + Ap1 2 C+ NAgp1 <gin (N +1)Apq1.

It follows wAk1+1 <conv (N + 1)Ag11, and hence wAk+1 <conv Ax+1 by Thus
Ap+1 is splitting. From this and the hypothesis Ay <fin Ak + A1, we get

A <gin Ak + Ap1 <pin (N +1)App1 = A

Again, this yields Ay = Agy1, which as in case (ii.a.x.) yields A+ B = B + A,
concluding (ii.a.y.0.).
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Finally, suppose (ii.a.y.1) holds. Then Of(r) = w*Akt1. Let b denote the
cut at the left of Of(r). If b > ¢, then [b,7] is final in [g,r], which witnesses
w* A1 <fin Ag. This gives Ay + A1 = Ayg, and then again we have

A+ B2 MA,+ A1 EMA, =2 B+ A.

If instead b < ¢, then [¢,7] is final in [f"(r),r] for some n, witnessing Ax <yin
nAgy1. As before, this implies Ax = Agy1 = 2A,11 = 2Ag, which once again gives
A+ B = B+ A, and we are done in case (ii.a.y.1.). This concludes case (ii.), and
hence concludes the case when the algorithm terminates at a finite stage.

Now suppose the algorithm is non-terminating. Then it yields a non-terminating
left division system

D= {Ak ™~ NiAgy1 + Agqo k€ w}.

This system is either splitting or non-splitting. Suppose first the system is splitting.
Then by [6.6] both Ay and A; are splitting.

We always have A1 <;nit Ao, and since Ag <ijnit (No + 1)A; =2 Ay by we
have Ay <init A1 as well. On the other hand, since B + A <y, A + B, either
A <jin B or B <jin A. That is, either Ag <jin A1 or Ay <pin Ag. In either
case, we conclude from that Ay = A;. In particular Ay + A; = A; + A, i.e
A+ B B+ A, and we are done in this case.

Now suppose the system is non-splitting. From the discussion following Propo-
sition the isomorphisms in the system D yield the decompositions

Ao+A =2 NoAi+NiAog+---+L = > NiAip1+1L
Ar+A =2 N+ NiAg+---+ L = Yo NiAiya + 1/

To show Ag + A1 = Ay + Ay, it suffices to show L = L/,
Label Ag + A1 = [¢,d] = I, and fix a sequence of cuts

c=cp<a<c<...<b<d

witnessing the decomposition for Ag + A1, so that ¢, corresponds to the cut at the
+ sign to the left of the term N, A,,4+1, and b to the cut at the + sign preceding L.
Label In = [07“ d] = Zz Nn+iAn+i+1 + L.

It follows from the discussion after Proposition [6.4] that for n even we have
I, 2 A, + A,4+1 and for n odd we have I,, & A,,+1+ A,,. Each difference I, \ I, 11 =
[cn, Cng1] is isomorphic to N, A, 1. We also have [b,d] =, I, = L.

Similarly, label A; + Ao = [¢/,d'] = I}, and fix a sequence of cuts

d=cy<di<dy<...<b <d

witnessing the decomposition for Ay + Ag. Label I/, = [¢},,d’]. Then for n even
we have I, =2 A,y + A, and for n odd we have I/, = A, + A,;1. Further,
[, Cpyr) = NpApqq for all n, and o', d'] =1, = L.

Suppose for concreteness Ag = A and A; = B; the argument for the reverse case
is symmetric. Fix an embedding f : B4+ A — A+ B witnessing B+ A <y, A+ B,
i.e. a final embedding f: Ay + Ag — Ao + A;1. Then f(d') =d.

We claim f(b') = b. If this holds, then f[L'] = [f(V/), f(d)] = [b,d] = L,
witnessing L' = L, and we are done.

So suppose the claim is false. Then either f(') < bor f(b') > b. If f(b') <b
then for all sufficiently large k& we have f(V') < c¢gx. Fix an even such k. We
have [cg, ckr1] = NpAgs1 is a subinterval of [f(V),d] = f[L'] = L'. Tt follows
Ak+1 gcom L/. Since 2Ak+3 <init Ak+1 by it follows 2Ak+3 gcom L/.
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Since L' is final in I}, for all n', in particular L' <gs, I} 5. Since k is even,
L5 = Akys + Agye. Thus we have the chain

2Ak+3 = Ak+3 + Ak+3 gconv L/ <conv Ak+5 + Ak:+6~

From@it follows either Ax43 <conv Ak+s OF Akt+s <conv Akte- Since 2Ax45 <init
Agyz and 24p46 <init Akra <inie Ares, we get either 24515 <conw Akys or
2Ak+6 <init Ag+e. Hence either A5 or Agye is splitting, which implies that D is
splitting by a contradiction.

The case when f(b') > b is similar. Thus f(b') = b, as claimed. As noted, it
follows Ag + A1 &£ A1 + Ag, i.e. A+ B= B+ A. We are done. ([l

One way we will apply Theorem [7:1] is through the following corollary.

Corollary 7.2. Suppose A+ B <jpit X and B+ A it X, and A+ B <p, Y
and B+ A<y, Y. Then A+ B= B+ A.

Proof. Since A+ B <jnit X and B + A <;pit X, either A+ B < B+ A or
B+ A <;nit A+ B. Suppose without loss of generality that A + B <;n¢+ B + A.
Symmetrically, A+ B <y Y and B + A <4, Y implies A+ B <jy, B+ A or
B+ A <fin A+ B. In the former case, by Theorem we have A+ B =~ B + A.
In the latter case, we get A+ B = B + A by [L.15] O

Definition 7.3.
i. An w-AB-sum is an w-sum
Co+Cl+--~:ZCi
€W
such that for all i € w, C; = A or C; = B.
ii. An w*-AB-sum is an w*-sum
G+ Co= > C
1EW*

such that for all ¢ € w*, C; = A or C; = B.

Two w-AB-sums ) ;. C; and ). D; are offset if one of Cy and Dy is equal
to A and the other is equal to B. Offset w*-AB-sums are defined symmetrically.

We will use the following theorem to prove that the isomorphisms between sums
appearing in the Generalized Sum Problem imply A + B & B + A.

Theorem 7.4.
i. Suppose )., C; and > .. D; are offset w-AB-sums, and ), C; <init
Zi Di~ Then A + B ginit Zz Dz and B + A gimt Ez Di-
ii. Suppose } ;... Ci and ), . D; are offset w*-AB-sums, and ), C; <yin
Zi D;. Then A+ B <fin Zz D;and B+ A <fin Zz D;.

Proof. For (i.): By symmetry, we may assume Co = A and Dy = B.
Let X =), D; and label X = [y, z] by its endcuts. Our goal is to show A + B
and B + A both embed initially in X.
Fix a cut sequence
y:d0<d1<d2<...
witnessing X = ). D;, i.e. such that [d;,d;;1] = D; for all i € w and such that the
cut at the right of this sequence is the right endcut z.
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Also fix a cut sequence
Yy=cp<cp<cp<...

witnessing Y, Cj <init X. One of the following holds:

L e <dy;
II. ¢ > ds.

Suppose (I.). Then A 2 [cy, ¢1] Sinit [do, d1] = B, which gives A <;n;t B.
We claim B + A <;nit X. Indeed, if D; = A, then we have

B+ A= Dy + Dy <z‘m‘tZDi=X~

1€EW
If instead D1 = B, then B + B = Dy + D1 <;nit X. Since A <;ni: B we have
B+ A <init B+ B <init X.

Thus in either case B + A <;nit X, as claimed.
It remains to show A + B <;nit X in case (I.). One of the following conditions
holds:

a. C; =Aforall i € w;
b. There is a least N > 1 such that Cy = B.

Suppose (La.). Then ) . C; = wA. Let ¢ denote the cut at the right of the
sequence ¢; in X. If ¢ < dy, then this witnesses wA <;nit [do,d1] = B. In this case,
A+ B = B. Hence in particular A + B <;n;: B. Since B is initial in X, we have
A+ B <jnit X.

Otherwise let M be least such that di < ¢ps. Then B 22 [dy, d1] <inat [co, crr] &
MA. Hence A+ B <jpit A+ MA= (M + 1)A. Then since

(M 4+ 1A <init wA 2D Ci Sinit X
1€EW
we have A + B <;nit X, which finishes the argument for (L.a.)
Suppose (Ib.). If N =1, then A+ B = Cy + C1 <init »_; Ci <init X, and we
are done immediately. So suppose N > 2. One of the following holds:

X. N > di;
y. ey < dy.

Suppose (I.b.x.). Let M < N be least such that d; < c¢p;. Then, as above, we
have B 2 [dy, d;] initial in M A = [¢g, cpr], and hence A + B <t (M + 1) A.

We claim that we again (M +1)A <;nit »; C;. This is immediate if M < N, as
then Co+---4+Cp = (M +1)A. Otherwise M = N, and so Co+---+Cpr—1+Chy =
MA+ B. Then since A <jnit B, we have M A + A initial in M A + B. So again we
have (M + 1)A <init »_,; Ci, which gives A + B <;p;z X, concluding (Ib.x.).

Suppose (Lb.y.). We have [do,d1] = Dy = B = Cy = [en,cn41]. Fix an
isomorphism f : [dg,d1] = [en,en+1]- Then f is a partial convex self-embedding
of X, which is overlapping since dy < cy < d.

Observe that the jump Ag, s equals [do,cn] = [co,en] = NA. There are two
final cases to consider:

1. Oy(dp) is an w-orbital;
2. O¢(dp) is finitary.
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If (I.b.x.1.), then wN A = wA is initial in dom(f) = [do, d1] = B. Hence A+ B =
B <;nit X, and we are done as above.

Finally, suppose (I.b.x.2.). Then for some K > 1 (as f is overlapping) and some
order C initial in N A, we have that dom(f) = [do, d1] is isomorphic to K(NA)+C
(see equation , and hence B> K(NA)+ C.

Now, we know NA+ B = Cp+ -+ + Cn—1 + Cn <init »_; Cs, which gives
NA+ KNA+ C <init _; C;. We may rewrite this as

(7.1) A+KNA+ (N - 1DA+C < Y _Ci.

We claim C' <t (N — 1)A + C; if this holds, then combining with we get the
chain

(7.2) A+B = A+ KNA+C <inip A+ EKNA+(N=1)A+C <inir Y Ci <init X,

as desired. So we prove the claim. We know C <;n;;: NA, i.e.
(7.3) C <init (N —=1)A+ A.

Since also A <;ni¢ NA, it follows C' <jpit A or A <inir C. If C <jnie A, then
since N > 2 we immediately have C' <;nit (N —1)A+ C. If A <;nir C, we have
(N—1)A+ A <init (N —1)A+C, which from also gives C <nit (N—1)A+C,
as claimed.

Thus the chain [7.2] holds, and we have A 4+ B <;;+ X, concluding the proof for
(I.b.x.2.), and hence the proof for (I.).

Now suppose (II.). The proof is similar to (I.), but with slightly less casework.
We summarize it and leave the details.

Since now B <init A, we have easily A+B <init Co+C1 <init »; Ci <init »_; Di-
So we must check B + A <init y_; Di.

Since ), C; is initial in ), D;, the first term Cy = A is initial in some finite
sum Dy + --- 4+ Dyn_1. If all of these terms are B, then A is initial in NB. Then
it is not hard to see (N 4 1)B is initial in ), D;, and hence B + A is as well.

If instead the least copy of A is Dy and this term overlaps the initial term
Co = A, we fix an isomorphism f from Cy to Dy. Then f is an overlapping partial
convex embedding of X, with initial jump some finite multiple of B. If its left
orbital is an w-orbital, then it is isomorphic to wB and we have B + A = A, which
yields B+ A <init »_; D;. If its left orbital is finitary, then an analogous argument
to the finitary case for (I.) again shows B + A <init »_; D;.

The proof for (ii.) is symmetric. O

We may also consider finite AB-sums.

Definition 7.5. An AB-sum is an n-sum for some n € w,

Co+Ci4+--+Chq ZZC,',
<n
such that for all i < n, C; = A or C; = B.
Two AB-sums ), . C; and Zj<m Dj are offset left if one of Cy and Dy is equal
to A and the other to B, and offset right if one of C,,_; and D,,_1 is equal to A
and the other to B. They are offset if they are offset left and right.

The following theorem solves the Generalized Sum Problem affirmatively.
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Theorem 7.6. Suppose that ZKn C; = ZKW D; are isomorphic AB-sums.
i. If the sums are offset left, then either A+B <;pit B-+A or B+A <;nit A+B;
ii. If the sums are offset right, then either A+ B <y B+ A or B+ A <fin
A+ B;
iii. If the sums are offset, then A+ B = B + A.

Proof. For (i.): Extend 3, , C; and 3, D; to w-AB-sums by defining C; =
Dj = Afor all i > n and j > m. Then the resulting sums >, C; and Zjew D;
are (left) offset and remain isomorphic. In particular, ;. Ci <init D jewDj- By
Theorem A+ B and B + A are both initial in Zjew D;. It follows that either
A+B gm,-t B+A or B+A<””t A+B

For (ii.): The argument is symmetric.

For (iii.): Since the sums are offset left, we have from (i.) that either A+ B <;pni
B+ Aor B+ A <jnit A+ B. By symmetry, we may assume B + A <;n;+ A+ B.

Since the sums are also offset right, we get from (ii.) that either A+B <j;,, B+A
or B+A <jin A+ B. In the former case, Theorem [£.15] and in the latter, Theorem
[71] now give A+ B>~ B+ A. O

Since the sums in Tarski’s Generalized Sum Problem are offset, Theorem [7.6] (iii.)
solves the problem in the affirmative. Theorem is more general, since it applies
to AB-sums ), C; = Zj<m D; in which Cy = C,,—1 and Dy = D,,_1, one
of these pairs equaling A and the other B. In particular, we have the following
corollary, which was proved by Tarski in [9] by a different route.

Proposition 7.7. (Tarski; [9, 1.49]) If nA = mB for some n,m € w, then A+ B
B+ A.

Proof. Since nA and mB are offset AB-sums, the proposition follows immediately
from Theorem [Z.6l O

If nA = mB, then wA = wB since
wA 2 wnA) 2 wimB) = wB.

And symmetrically, we have w*A = w*B. Thus the following corollary, which is
an immediate consequence of Theorem may be viewed as a generalization of

Proposition [7.7]
Corollary 7.8.
1. Iff wA gmit wB, then A + B gim-t wB and B + A gim-t wB.
ii. If w'A <g4p w*B, then A+ B <f4, w*B and B + A <y w*B.
ili. If wA <init wB and w*A <y w*B, then A4+ B = B + A.
Proof. Since wA and wB are offset w-AB-sums, (i.) is immediate from Theorem

(ii.) is symmetric; (iii.) now follows from Corollary taking X = wB and
Y =w*B. O

The symmetrized converse to Corollary (iii) is also true.

Theorem 7.9. A+ B = B+ A if and only if one of the following conditions holds:
i wA <init wB and w*A <4 W*B;
ii. wB <init wA and wW*B <y whA.
We will prove Theorem [7.9]in Section [I2] and from it deduce the revised version
of Tarski’s conjecture [1.6
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8. A PROOF OF LINDENBAUM’S DIVISION THEOREM

In this section we use the Euclidean algorithm to give a proof of Lindenbaum’s
Division Theorem It may be contrasted with Tarski’s proof [, 1.50] of the
division theorem for a general ordinal algebra. As far as the authors are aware,
Tarski’s proof is the only previously published proof of the Division Theorem.

Like the proofs of our other arithmetic results for (LO, +), the proof here requires
casework to handle the absorption and splitting phenomena that occur in sums of
general linear orders but not in sums of natural (or real) numbers. However, the
approach of the proof is to straightforwardly divide over an equation just as though
working over (N,+) or (R,+): given a pair of orders A,B € LO that have a
common finite multiple nA = mB, we will apply the Euclidean algorithm to find
their greatest common divisor C' € LO.

Theorem below is the Division Theorem written in a slightly generalized
form. Modulo the Cancellation Theorem this statement is equivalent to the
original. On the other hand, as stated Theorem [8.1] also implies

Theorem 8.1. Suppose there are natural numbers n,m > 1 such that nA = mB.
Let d = ged (n,m), and let m’ = % and n’ = 5. Then there exists a linear order
C such that A =2 m/C and B = n/C.

The proof goes by first observing that if A and B are splitting, then the statement
trivializes. In the non-splitting case, we show that the Euclidean algorithm, applied
to a symmetric setup witnessing A+ B = B+ A, proceeds in exactly the same way
as the classical Euclidean algorithm for dividing the greater of the natural numbers
n' and m’ by the lesser. Hence the algorithm terminates; the order C' will be the
final remainder term.

Proof. Writing nA = mB as d(n’A) = d(m’B) and then applying cancellation [£.23]
yields n’ A =2 m’B. By Lemma [7.7] we have A + B = B + A.

Ifny =m’ =1, then A & B; let C = A and we are done. Otherwise, since
ged(n’/,m’) = 1, either n’ < m/ or m’ < n'.

By symmetry, we may assume n’ < m/. If n’ =1, then A = m/B. Let C = B
and we are again done. So assume 1 <n’ <m/'.

Now from n’A = m’B and Lemma |4.24] it follows that A is splitting if and
only if B is splitting. In the splitting case, A = n’A = m'B = B. Then also
Am/A~=n’A>~n'B=>B. Letting C = A, we are again done.

So assume A and B are non-splitting. Let Ay = A, Ay = B, a; = n’/, and
ag = m’ so that

(8.1) arAo = apAy

Since ag > a1, it follows from [8.1]that a3 Ay <inir a1Ao and a1 Ay <jin a1Ag. Then
by Theorem @ A1 gmit AO and A1 ifm AO-

Fix a symmetric division setup (I = [¢,d]; f,g) witnessing Ag + 41 = A1 + Ay
and run the (left, say) Euclidean algorithm.

We claim that Ay is the dividend and A; is the divisor in this setup. Otherwise,
we have Ay <init A1, which along with Ay <jfi, Ao yields Ay = Ay by But
then [B.1] along with the splitting dichotomy theorem [£.20] implies Ay and A; are
splitting, contradicting our hypothesis.
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If the algorithm terminates at Stage 0 in an absorbed factor, then wA; <;nst Ao-
Then since a1 Ay = agA1 <init WA, < Ap, we then have a1 Ag <init Ag. Hence Ag
is splitting by a contradiction.

Thus the algorithm does not terminate at Stage 0 in an absorbed factor and we
may let {Ar = NpAgi1 + Ag2 + k < M} be the symmetric division system (of
length 1 < M < w) resulting from the run of the algorithm. As noted in Section[5.5]
we have A; + A; = A; + A, for all terms A;, A; appearing in the system. As noted
in Section [6] if the system is terminating, then by rewriting its final isomorphism
if necessary we may assume that it terminates in a divisor.

We will show that the system is necessarily terminating. Toward this, run the
(classical) Euclidean algorithm for dividing ag by a1, and let {ar, = Myar11+aki2}
be the resulting division system. We will show that {Ay = NyAgi1 + Agao} is
obtained from this system by replacing each term a; by A;. That is, these systems
have the same finite length and the same coefficients.

Consider the system of equations {by, = Nybgt1 + b2} obtained from the di-
vision system {Ay = NyAgi11 + Aki2} by replacing each term Ay with a variable
term bk-.

Suppose first that our division system {Ap = NiAgi1 + Akio} is terminating
(in a divisor), with final isomorphism Ax = NgAgy1. Set bxi1 = 1 and let
by > by > ... > bk be the sequence of natural numbers determined by the equations
b = Nibi41 + bgyo for k < K.

Claim 1: boAl = ble.

Proof. We prove the claim by induction on K. If K = 0 then our division system
consists of the single isomorphism Ag & NgA;. In this case by = 1 and by = Ny, so
that Ag = NgA; witnesses the claim.

For larger K, assume the claim holds for systems of shorter length. Observe
that {Ar & NpAgy1 + Agye 1 1 < k < K} is a division system of length one less
than the original system. By induction, by As = by A;. From this, the isomorphism
Ag = NgAq + Ao, and the equation by = Nob; + by we obtain

b1Ao = b1(NoAy + Az) = b1 NoAy + b1 Az = Nobyr Ay + ba Ay = bo Ay,
as desired. Note here that A; + Ay = As + A; is needed to justify the distribution
b1(NoAy + Ag) =2 by NgAq + b1 As.
This completes the induction and proves the claim. (I

. . _ b
Claim 2: Z—? =
Proof. Suppose Z—fl) > %27 so that agby > bpai. From agA; = a1 Ag and by Ay = by Ag
we obtain
a0b1A1 = CL1b1AQ = alboAl.
Since agby > boay, this implies A; is splitting by [£.20] a contradiction. The argu-

ment for Z—fl’ Z—(l’ is symmetric, and the claim is proved. O

Since by and by are coprime (as ged(bg,b1) = bx = 1), and ag and a; are
also coprime, Claim 2 implies by = ag and b; = a;. Hence the system {b; =
Nibpt1 + bgyo} is the same as {ar = Mpag+1 + agr2} up to relabeling each by as
ag; in particular Ny = My, for all k < K.
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Since setting ax1 = 1 in the system {ay = Npagt1 +agr2} determines ag = m’
and a; = n’, back-substituting Ax 11 in the isomorphisms Ay = NyAgi1 + Agto
yields the isomorphisms Ag = m’/Agky1 and Ay 2 n’Agy. Letting C = Agy 1, we
are done in the case when the system is terminating.

Now suppose {Ar = NpAri1 + Agi2} i a non-terminating system, and let
{bk = Nibpt+1 + bit2} be the corresponding non-terminating system of equations
in the variables by. For a fixed K, introduce variables ckK for 0 < k< K+ 1 and
consider the truncated system of equations

X = Nock +c&
K = Nyl + ek
K _ K | K
cK_[% = NK*}{CK+CK+1
cxg = Ngcgy.

Set by = 1 and let {b;,} be the unique sequence of positive real numbers satisfying
the equations from our system by = Npbpi1 + bgte. From the divided through
equations

2 b2
brt1 * br+1
each by may be computed via its continued fraction expansion
b
b = Ve U (Nesa 1/ Nz ).

In particular,
by =1/(No+ 1/(N1+1/(Na +-+-))).
We quote some standard facts about continued fractions and the sequence {by}.

Since the system {by = Npbr+1 + brpt2} is non-terminating, the ratios b:il are
bo — 1

irrational. In particular, §% = ¢~ is irrational and hence so is b;.
For each K, let cfc,; = 1 and then let ¢ff for 0 < k < K be the positive integers
satisfying the truncated system {ckK = Nkcf+1 + ckK+2 :0 <k < K}. Then the

K
. C,
ratios —§ converge to —Z‘l) as K — oc.
1

2K

More specifically, the subsequence of even terms Z‘;—K increases to 2—‘;, and the
2K +1 !
sequence of odd terms ngiﬂ decreases to 2—‘;:
1
& c‘é bo b
7O<72<74<"'<7<"'<75<73<71'
¢l ¢ b1 e )

Claim 3: For K even, we have
CfAO = C(IfAl + AK+2
For K odd, we have
KAy + Ap o =K AL
Proof. By induction on K. If K = 0, the truncated system consists of a single
equation ¢ = Nocj. Since ¢ = 1, we have ¢ = Ny. Thus
C(l)Ao = AQ = N()Al + A2 = CgAl + AQ,

which is of the desired form.
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Fix K > 1 and assume the claim for shorter truncations. Suppose first that K
is odd. Since Ay = NyA; + As, using commutativity of the terms A; and Ay we
have

(82) C{<A0 = C{(N()Al + C{<A2.

We may apply our induction hypothesis to the shorter truncated system {cX =
Nicf 1 +cp o 11 <k < K} corresponding to the division system {Ay & Ny Aji1+
Agi2:1 <k <w} to conclude

(83) C§A1 = C{{AQ + AK+2

since, if we re-index this system using &’ = k —1 and K’ = K — 1, then K’ is even.
From B2 we have

KA+ Apio 2 B NGgAL + B Ay + A,
Then from [8:3]
KA+ Ag o 2 A NgAL + B AL = (B Ny + A = cf Ay,
as desired. The induction step when K is even is similar. O

Since g—(l’ is irrational, we have Z—‘l’ =+ Z—‘f Suppose g—‘; > Z—(l’ Let K be even and
K
large enough such that Z% > 2¢. Then arcl > agckk.

From apgA; = a1 Ay we get aoc{(Al = alc{(Ao. Then since K is even we obtain
aoc¥A1 = alc{(Ao = al(c{fAl + Ak 12).
Since A 2 commutes with A;, we may distribute the a; on the right to conclude
aoc{(Al = alc{fAl + a1 Ak 4o.

In particular alchl Leonw aoci Ay, But since alc(lf > apckS, this implies that A;
is splitting by contradicting our hypothesis.

We obtain a similar contradiction in the case when Z—Cl’ < Z—? Hence the system
must be terminating, and we are done. O

9. SYMBOLIC AND DYNAMICAL REPRESENTATIONS FOR DIVISION SYSTEMS

In this section we establish structural representation theorems for the orders Ay
from a given non-terminating division system {Aj, : k < w}. These representations
are of two types: symbolic representations X (If,]) obtained as replacements of a
lex-ordered sequence space X up to the eventual equality relation Ey on X, and
dynamical representations R(K[,)) obtained as replacements of R up to the orbit
equivalence relation Fg of a group of translations on R.

Here, X is the space of continued fraction sequences in the base {a} of a collec-
tion of real numbers satisfying the equations from the division system, and G is the
group of translations generated by these numbers. In Section we will use these
representations to generalize Aronszajn’s representation theorem for commuting
pairs A+ B = B+ A from [I]. In Section we use them again to help identify
the commutative semigroups representable in (LO, +).
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9.1. Symbolic representations of left division systems. A finite sequence is
a function r with dom(r) = n = {0,1,...,n — 1} for some n € w. The length of
such an 7, denoted |r|, is n. We write r; for r(i), and also write r = rory...7rp_1.
An infinite sequence is a function v with domain w. We write u = uguy ... where

Given a finite or infinite sequence u and n € dom(u), we write v [ n for the
restriction of u to n, i.e. u [ n = wpuy...uyp—1. Given a finite sequence r, ru
denotes the sequence obtained by concatenating r on the right by wu.

A tree is a set T of finite sequences that is closed under initial segments: if
r € T then for all n € dom(r) we have (r [ n) € T. If s,r € T with |s| > |r| and
s |r| =r, wesay s extends r or s is below r. If |s| = |r| + 1 and s extends r, then
s is a successor of r. That is, a successor of r is a sequence s = rs,| extends 7 by
a single entry. A sequence r € T is also called a node. A node is terminal if it has
no successors in T. The body of T, denoted [T7], is the set of infinite sequences u
such that (u [ n) € T for all n € w.

We write w<¢ for the tree of all finite sequences r with entries r; € w. We write
w* for the set of all infinite sequences u with entries u; € w. Observe [w<¥] = w®.

Definition 9.1. A set of division coefficients is a set C = {Ny, : k € w} of natural
numbers N > 1. If Ny > 2 for all k € w, we also say C is a set of rational division
coefficients.

Fix a set of division coefficients C = {Ny, : k € w}.

Definition 9.2. The left division tree T = T on the coefficients C is defined
recursively as follows.

o To={0}.

e Given T, for n € w, and a terminal node r € T,, with |r| = k, define S,. to
be the set of extensions {r0,r1,...,r(Ngx — 1),rNg,rNi0} of r, consisting
of the successors 77 for 0 < ¢ < N, and the double successor rN;0.

Define
Tpi1 =T, U U S,

r € T,, terminal

T = UTn.

new

e Define

Intuitively, the root node () in T' represents the initial order Ay from some non-
terminating left division system {Ax} on the coefficients C = {Nj}. Each node
r € T with |r| = k represents an interval in Ay isomorphic to Ay.

Notice that if r € T is terminal in T;, for some n, and |r| = k, then the extensions
of r that are terminal in T}, are 70, 71,...,7(Ng — 1), and »Nx0. These nodes are
listed in lexicographical order and have lengths k£ + 1,k +1,...,k+ 1, and k + 2,
respectively, reflecting that Ay = NiAgi1 + Akse. The successor r Ny of r, which
also has length k£ + 1 but is not terminal in 7,41, has only the single successor
rN;0. We think of this node as representing an initial segment of Ay, instead of
Ajq itself, namely, the initial segment of Ay, corresponding to the first copy of
Ajyo (represented by the node rN;0) in the sum Api1 = Npp1Agto + Agys.

The nodes r € T that are terminal in T,, for some n are called regular.

Definition 9.3. The left division order X¢ = X on the coefficients C is the body
[T] of the left division tree T' = T equipped with the lexicographical ordering <.
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Until further notice, T = T denotes the left division tree and X = X¢ denotes
the corresponding left division order for our fixed set of coefficients C. Observe that
T Cw<¥and X =[T] Cw”.

Given r € T, let T, denote the set of sequences in T beginning with r, that is,
T.={seT:|s|>|rland s [ |r]=r}. Let X, ={ue X :u||r|=r}

Observe that Xy = X and each X, is convex in X; we call the intervals X, basic
intervals. Observe that if r is an irregular node then X, = X,¢. For regular nodes
r and extensions ri of r, X,; is always a strict subinterval of X..

Given u,v € w¥, we say u is eventually equal to v, and write uFEyv, if there are
finite sequences 7, s € w<* with |r| = |s| and an infinite sequence u’ € w* such that
uw =ru and v = su/. Then Ej is an equivalence relation on w* called the eventual
equality relation.

Let Ej° denote the restriction of Ey to X. We often write Ey instead of Eff.
We write [u] gx, or often simply [u], for the Eg-class of a given u € X.

Proposition 9.4. For all u € X and r € T, we have [u] N X, # 0.

Proof. Fix r € T, and suppose |r| = k. We may assume r is regular, since if not we
may extend it to a regular successor. Fix u € X, and let s = v [ k. We may assume
s is also regular: if not, then suy is regular, and since 70 is always regular, we may
replace r with r0 and s with suy to get an extension of r and initial sequence of u
both of length k + 1 and regular.

Then u = su’ for some infinite tail-sequence u’. By the recursive construction of
T, we have that ru’ € X. Then clearly ru’ € [u] N X,. O

Below is our symbolic representation theorem for non-terminating left division
systems. Recall the definition from Section of replacement up to an equivalence
relation.

Theorem 9.5. Suppose T is the left division tree for the set of division coefficients
C = {Ny}, and X = [T is the corresponding left division order.

i. For every non-terminating left division system {Ay : k € w} on the coeffi-
cients C, there exists a collection of orders {I},) : v € X} indexed by the
Ey-classes [u] of X such that for every regular node r € T with |r| = k, we
have Ay, = X,.(If,)). In particular, Ag = X (I},)).

ii. Conversely, suppose {[,] : u € X} is a collection of orders indexed by the
FEo-classes of X and X(I},)) is the corresponding replacement of X up to
Ey. Then for every pair of regular nodes r,s € T with |r| = |s| we have

Furthermore, if for each k we fix Ay isomorphic to X,(Ij,)) for some
(equivalently, any) regular node r with |r| = k, then Ax = NpAki1 + Agso
for all k € w, that is, {Ay : k € w} is a non-terminating left division system
on the coefficients C.

Proof. For (i.): For each k € w, fix a cut sequence in Ay
af <ab <...<af <af 4y

that witnesses Ay = NpAgi1 + Agio, i.e. such that aﬁ, aﬂkaﬂ are the endcuts of
Ag, laf,af 1] = Agyy for i < Ny, and [af, ,af, 1] = Ago.
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Fix isomorphisms fF : Agy1 — [af,af ] for i < N, and an isomorphism
fﬁ,ko D Agyo — [a’]i,k,a’]i,kﬂ]. (The subscript in the second map is the 2-sequence
N¢0.)

We inductively define convex embeddings f,. : A, — Ao for each regular node
r €T, as follows.

o fo=ida;
o If r is regular with |r| = k and f, is defined, define

fTi = f’l“fik

for all i € {0,1,..., N, — 1, N0}

Denote the image of f. by A,. By induction, A, = A, for all regular . For r
irregular, define A, = A,.

For a regular r € T with |r| = k, and for ¢ € {0,1,..., Ny — 1, Nx0}, the
intervals A,; partition A, in the lexicographic order of their indices. It follows that
for r,s € T, we have A, C A, if r extends s and A, < A if r <jep s (i.e. if for
some i < min(|r|,|s|), we have r; < s;).

For a fixed u € X, define

The intersection of a descending sequence of intervals is either an interval or cut,
which we view as an empty interval. Thus each I, is a (possibly empty) interval
in Ag. It follows from the preceding paragraph that these intervals are ordered
lexicographically by their indices u. Moreover, a straightforward induction shows
that each point a € Ag belongs to a unique I, i.e. these intervals partition Ag.
Thus Ag = X(I,).

Relativizing this discussion to A, we have that A, = X,.(I,) = A}, for every
regular r € T.

We next show that I,, & I, whenever uFEqv, so that in fact each A, has the form
X (I)-

For regular nodes r,s € T with |r| = |s|, the map fif ! : A, — A is an
isomorphism. Further, for any ¢ € {0,1,..., Ny — 1, N0}, we have

Fsfil i = fof T o fF
= fsfik
= fsz'~

By induction, for any finite sequence ¢ such that rt € T and rt is regular, we
have fsf:lfrt = fst- It follows fsfr_l[ATt] = Ag.

Now suppose u,v € X and uFEgv as witnessed by the equations u = ru’ and
v = su' for some 7, s € T with |r| = |s|. Extending r and s by the first entry of «’
if necessary (which must be 0 if one of r, s is irregular) we may assume r and s are
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regular. Then we have

fsfr_l[lu] fsfr_l[lru’]

£ £ [0 Aganyin]

= for_l nnzdom(r) A(ru’)[ni|
for_l ﬂln Ar(u/ F”)]

ﬂn fsfr_ [Ar(u’ [n)]

M As(urin)

Isu/

= I,.

Hence I, = I,.

Since u and v were arbitrary, for any fixed v € X the intervals I, for v € [u]
have a common order type. Let I}, be a fixed order of this type for every class [u].
Then Ag = X(I},)), and more generally, A, = X,(I,)) = A, for every regular r.
This concludes the proof of (i.).

For (ii.): Fix r,s € T regular with |r| = |s|. We first check that the restricted
replacements X,.(I[,)) and X,([,)) are isomorphic.

By the construction of X, for every infinite sequence v we have ru € X if and
only if su € X. Since ruFgsu for any such u, and hence I, = Ig,, the rule
(ru,i) = (su,i) is a well-defined mapping from X,.(If,]) to Xs(If,)). Moreover, it
is clearly order-preserving and bijective, i.e., an order-isomorphism of X,.(1},;) and
Xs(Iy). Thus X, (If,)) = Xs(I1), as claimed.

Now, for each k € w, fix an order A of the same order type as every X, (f,)
with 7 regular and |r| = k. From the definition of X we have

Xr E X0+ X1+ + Xov—1) + Xonvyo-

Thus we have

A = X, (I)
2 A+ A+ Ak + Ak
& NgAgs1 + Agto.
Hence {A} is a non-terminating left division system on the coefficients C. O

9.1.1. Labeling the division tree X. Our dynamical representation for a given non-
terminating left division system is described in Section[0.2]below. It will be obtained
from the symbolic representation in Theorem [9.5] via a certain pushforward map
from the Z-product of the division tree X onto R.

Toward defining this representation, in this section we analyze the structure of
X and introduce some notation. It follows from the work below that X is an order-
theoretic Cantor set, i.e. a separable, complete linear order with a countable dense
collection of jumps.

From the definition of the division tree T" we have that the points in X are
precisely those u € w“ that satisfy, for each k € w, the following conditions:

i. 0 <up < Ni;
ii. if up = N then ugy = 0.

For k € w, let 0% denote the k-length sequence 00...0. Notice 0% € T for every
k € w. Let 0 denote the identically zero sequence 000... € X. Observe that 0 is
the left endpoint of X.
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Let e denote the sequence 0¥ N, ONy,20... € X. Explicitly, (ex); = 0 for i < k,
and for i € w, (ex)k+i: = Ng+i for i even and (eg)r4; = 0 for ¢ odd. Observe ey is
the right endpoint of the basic interval Xy.. In particular, ey = NgON20... is the
right endpoint of X. Also observe ey Epey if and only if k =k’ (mod 2).

We say that a pair of points a < b in a linear order A is a jump pair if b is the
successor of @ in A (i.e. if there is no ¢ € A such that a < ¢ < b). We say a is the
left point and b is the right point of the jump pair.

The proposition below identifies the jump pairs in X.

Proposition 9.6. Fix two points u < v in X.

i. u,v are a jump pair if and only if for some regular node r € T of length
k = |r| we have:

— 0 <up < Ny;

- =uk+ 1

- ’U,:Tuka+10Nk+30...;

— v =r(ug +1)000. .. = rv.0.

ii. If u,v are not a jump pair, there is s € T such that u < X, < v.

Proof. Since u < v there is r € T of some length k£ such that u,v both begin with
r and ur < vg. Note that r is necessarily regular.

If up + 1 < wg, then u < X, (4, 41) < v. So suppose uy + 1 = vg.

If for all ¢ > 0 we have that ug4;41 is the rightmost node below gy, and vgy;41
is leftmost below v, then u = rug Ny 10N, 30. .. and v = rv0. It is easy to see
that u,v form a jump pair, and conversely, any pair of this form is a jump pair.

If either wgi;+1 is not always rightmost below wgy; or vii;11 is not always
leftmost below vy, we may find a finite sequence s € T lexicographically between u
and v, which gives u < X5 < v. (]

It follows from Propositions and that for every pair v < v in X and
Ey-class [w], either u, v form a jump pair or there is w’ € [w] such that u < v’ < v.

From Proposition if v is the right point of a jump pair in X, then v € [0].
Conversely, if vEy0 and v > 0, then v is the right point of a jump pair. Indeed,
if k is maximal such that vy > 0, so that v = rv;0 for some r of length k, then
u=r(vk — 1)Ng4+10Ng430. .. is the left point in a jump pair with v.

If u is the left point in a jump pair in X, then from Proposition [9.6either u € [eq]
or u € [e1]. Conversely, if u € [eg] and u < eq, then u is the left point of a jump
pair with some v € [0]. Namely, if uy, is the last coordinate of u that is not maximal
below wuj_1, so that u = rupNy10Ng130. .., then v = r(ug + 1)0 is the successor
of u. On the other hand, every point u € [e1] is the left point of a jump pair in X.

If u < v is a jump pair in X and u € [eg], then we say u,v is a backward orbit
pair. If u € [e1] then it is a forward orbit pair.

Since [0], [eo], and [e;] are disjoint, two jumps in X are never consecutive. That
is, no point in X is at once the right point in a jump pair and the left point in
another.

It will be useful to extend the symbolic representation from Theorem of the
initial order Ag in a left division system to its Z-product ZAy. To do this, we
first consider the Z-product ZX of the division order X. We extend Fj to ZX by
defining (m, u)Ep(n,v) in ZX whenever uEpv in X.

The following proposition identifies the jump pairs in ZX. Its proof is clear.

Proposition 9.7. Fix points (m,u) < (n,v) in X. Exactly one holds:
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i. n=m and u < v is a jump pair in X;
ii. n=m+1,u=e¢g, and v =0;
iii. There is s € 7" and k € Z with m < k < n such that (m,u) < X ) <
(n,v).
If (i.) or (ii.) holds, then (m,w),(n,v) form a jump pair. Conversely, every jump
pair in ZX satisfies (i.) or (ii.).

Here X(;, ;) denotes the interval in ZX consisting of points (k,u) with s initial
in u.

It follows from Proposition [9.7)that in every jump pair (m,u) < (n,v) in ZX we
have (n,v)Ey(0,0), and either (m,u)FEy(0,eq) or (m,u)FEy(0,e1). Conversely, since
in ZX the left endpoint (m,0) in every copy of X forms a jump pair with the right
endpoint (m — 1,¢g) of the previous copy, now every point in [(0,0)] is the right
point in a jump pair, and every point in [(0, eg)]U[(0, e1)] is the left point of a jump
pair.

Copying over the terminology from X, we say that pairs for which (m,u)Ey(0, e1)
are forward orbit pairs, and pairs for which (m, u)Ey(0, eg) are backward orbit pairs.

Given a left division system { Ay} on the division coefficients C, the representation
for Ag = X (If)) from Theorem can be lifted to get a representation for ZA,.

Theorem 9.8. Suppose {Aj : k € w} is a non-terminating left division system on
the coefficients C.

Then there is a collection of orders I}, )] indexed by the Ep-classes of ZX such
that ZAg = ZX (Ij(n,u))). Moreover, for every n € Z and regular node r € T with
"I“| = k‘, we have Ak = X(n,r) (I[(n,u)])

Proof. Let Ag = X (Ij,)) be the symbolic representation of Ay from Theorem (9.5
Define I, ) = I, for every n € Z and w € X. Then I, ) = I(n,,) Whenever
(m,u)Ey(n,v). Hence the replacement ZX (I(, ) is a replacement of ZX up to
Ey, which we denote ZX (I[(n,u)))-

For a given n € Z and r € T, it is straightforward to see from the definition of
the replacements that

Xinr) L) = X () & Ay
In particular, for every n € Z we have X, g)(Ij(n,u)) = X (I[u)) = Ao, which yields

ZX (Ii(nu))) ot X0 (Uin,w)) + X0,0) Limw) + X0y L) + -
05

as desired. O

1111

The extended representation of ZAy from Theorem will be pushed forward
in the next section to get a representation of ZAgy as a replacement of R.

9.2. Real representations of left systems. We now turn to describing our dy-
namical representation for left systems.

First, we will show that after pasting together the points in each of its jump
pairs, ZX equipped with Ejy is naturally order-isomorphic to R equipped with the
orbit equivalence relation E¢ of a group of translations generated by real numbers
satisfying the equations from a division system on C.

Consider the system of equations {ar = Ngaxi1 + axr2} on the coefficients C.
Define ap = 1 and then let {ar : k € w} be the unique sequence of real numbers
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satisfying these equations. As discussed in Section [8] the a; may be computed
via the continued fraction expansions that are determined by the equations in the
system. We have that ay is irrational for k > 1, and the sequence {a;} decreases
to 0.

A translation of R is a map of the form f(z) = z + a for some a € R. We often
identify the translation f with a, and by extension, the group of all translations of
R (under composition) with the additive group (R, +).

Let G = (ag,a1) be the group of translations of R generated by the translations
fl@)=24+ a9 =2x+1 and g(z) = = + a1, which we identify with 1 and a;.

Let E¢ be the orbit equivalence relation of G. Then for z,y € R we have zEgy
if and only if there are integers m, n such that y = x+m-+na;. By the irrationality
of ay, every orbit equivalence class [z]g, = [z] is dense in R.

If we view G as a subgroup of (R, +), then [0] = G.

Suppose z € [0], so that x = m + na; for some m,n € Z. We say that x is in the
forward orbit of 0 under G (or simply, the forward orbit of G) if n > 0, and z is in
the backward orbit of 0 if n < 0.

Write [O]EG = [0]" for the forward orbit of 0 and [0], = [0]~ for the backward
orbit. Then [0] = [0]" U [0]~. By the irrationality of a1, [0]* N [0]~ = 0. Both the
forward and backward orbits of 0 are dense in R.

Write Eg‘ for the equivalence relation obtained from E¢ by splitting [0] into
its forward and backward parts, so that [0]T = [a4] gt and [0~ = [0] g and for
x ¢ 0], we have [w]Eé = [*]Bg-

We adopt the convention that the notation [z] without any subscript refers to
(%] ;. When we wish to specify the EZ-class of z, we write [x]Eé

There is a close connection between the forward and backward orbit distinction
in R and ZX that explains the terminology in ZX.

Definition 9.9. Define a map o : ZX — R by the rule

o(m,u) =m+ Z Uk Gft1-
kew

We will use the map o to push the representation ZX (I[(,,))) of ZAg as a
replacement of ZX up to Ey forward to a representation R(K[,)) of ZAg as a
replacement of R up to Eg

Toward this, we now establish a series of lemmas whose content is essentially
that, up to condensing jump pairs to singletons and distinguishing the forward and
backward orbits of the origin, ¢ is an order-isomorphism of ZX equipped with FEj
and R equipped with Eq.

Definition 9.10. A formal sum Zkew Trak4+1 with integer coefficients zy is a
normal form sum if for all k € w we have 0 < z < Ng, and whenever z = N
then xx41 = 0.

Lemma 9.11. For all m € Z and k € w, we have o(m, ex) = m + a.
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Proof. Fix k € w. By repeated expansion of remainder terms, we have

ar = Npagy1 + agq2
= Npagpq1 + Npjoapy3 + apgq

= Ngagq1 + Nigoagyz + -+ Nigpoipgoir1 + apyoige

Since the terms agio;412 converge to 0, the partial sums Z;io Ni12i0k+2i+1
converge to ay, i.e. ap may be expressed as a convergent series

ar = Niaps1 + Niyaakis + - = > Niyaitkiitt-
€W
Now observe that
G(m,ek) =m+0ag +0ay + -+ 0ar_1 + ZNk+2iak+2i+1 =m + ag,
1€EW
as claimed. 0O

The next lemma will allow us to show that o is essentially <-preserving.

Lemma 9.12. Suppose Y, z;a;+1 is a normal form sum such that z; = 0 for all
i < k. Then the sum converges to a real number x < ay, and z = ay, if and only if
Tpy2; = Nk_;,_gi and Th42i41 = 0 for all 7 € w.

Proof. Let x denote the normal form sum ), z;a;41. Since its first k terms are 0,
we have

T = Z TiGi41 = Z Th+iOQk+i+l = TOk+1 + Tht1Qpy2 + - -
i i
Suppose first z; < Ni. Separating the terms xy;ax4;+1 by parity, we have
= Trakt1 + (Thi1Gkr2 + Thp3ahta + ) + (Thp20k43 + ThpaGpis + o0 0)
< ZTgagy1 + Gkt2 + g3,
where the inequality follows from the proof of Lemma and the fact that x is
a normal form sum. In particular, the sums in the above expression converge, and

hence x does as well.
Since ax42 + ag+3 < Nit1Gp42 + k43 = apy1, we have

T

z < (zg + 1)ags1 < Npagyr < ag,

and we are done in this case.
Now suppose x, = Nj. Then, since z is in normal form, zx41 = 0. Isolating the
term zyoak+3 and separating the subsequent terms by parity we have

= Npapi1 + Tpt205+3 + (Lp430k14 + TptaGprs + )

If k42 < Ngyo, then if we separate the parenthesized terms above by parity and
again apply the proof of Lemma [0.11] we obtain

2 < Npags1 + (@pq2 + Dagys < Niags1 + Nepoaits < Np@rp1 + Gppe = ag.

Otherwise zp12 = Ngio and we induct. If at some finite stage the induction
terminates we prove x < aj. If it never terminates, we show

T = Npapy1 + Niyoaps + -+ = ag,
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as claimed. 0

Proposition 9.13. The following hold:
i. The map o : ZX — R is well-defined, that is, for every u € X the sum
Dk UkQueq1 CODVeErges.
ii. Given points (m,u) < (n,v) in ZX, we have o(m,u) < o(n,v) in R, and
o(m,u) = o(n,v) if and only if (m,u), (n,v) form a jump pair.
iii. o is surjective.
Proof. For (i.): By definition of X, )", ugpay1 is a normal form sum. By Lemma
this sum converges to a real number = < ag = 1.
For (ii.): Writing u_1 = m and v_; = n, let k be least such that uy # vi. Then
up < v, and we have

o(m,u) = Up—1+uoGr + -+ Up_10k + UkQrg1 + D ; Ukpit1 Chpit2s
o(n,v) = up—1+upar + -+ Up_10k + VpQry1 + D, Uk it 1Qktit2-

By Lemma we have >, Upyit10ktite < agg1. It moreover follows from
Lemmathat D i Uktit1Qhtit2 = Qg1 and >, Vppip10pqive = 0if (m, u), (n,v)
form a jump pair. In this case, we have o(m,u) = o(n,v).

If they do not form a jump pair, then again by Lemma [0.12) we have that either
D i Uktit10k+i+2 < A1 OF Y Vkyit1Gkyit2 > 0, in which case o(m,u) < o(n,v),
as claimed.

For (iii.): We sketch the idea, which is straightforward. Fix = € R.

Let m € Z be least such that x € [m, m + 1). Now let ug be maximal such that
m + uga; < x. Since 1 = ag = Npay + az, we have 0 < ug < Np.

If uy < Ny, then x € [m~+wupar, m+ (ug+1)aq), which has length a1 = Nyas+as.
In this case, let u; be maximal such that m + uga; + uiae < x, and continue.

If instead ug = Ny, then = € [m + Noay, m + Noaj + az) = [m + Npaq, 1), which
has length as = Noaz + a4. In this case, let u; = 0, and let us be maximal such
that m + uga; + usaz < x, and continue.

The partial sums m + upa; +uiag + - - - + urar41 constructed this way converge
tox =m+) , ujaip1 = o(m,u), where u = (ug,u1,...). By construction, the sum
Zi u;a;+1 is in normal form and thus v € X. Hence o is surjective. [l

We write [(0,0)]" for the set of (n,v) € [(0,0)] belonging to forward orbit jump
pairs, and correspondingly [(0,0)]” for the set of (n,v) € [(0,0)] belonging to
backward orbit pairs.

Lemma 9.14. The images of [(0,0)]T and [(0,0)]” under o are [0]" and [0]~
respectively.

Proof. We first claim that for (n,u) € [(0,0)]" we have o(n,u) € [0]*. Since
(n,u) € [(0,0)]", the last nonzero entry ugy of u is of even index. Thus we have

(9.1) o(n,u) =n+upar +uras + - - - + Uog_1a2k + U2k A2p41

Since aj4+2 = ap — Ngag41 for all k and a1 = la; (mod 1), by induction we have
that for all £ > 1 there is an integer My > 0 such that ay = Mya; (mod 1) when
k is odd and ay = —Mypa; (mod 1) when k is even.

Thus we have

o(n,u) uoMiar — ui Moay + - - - — ugp—1 Mogar + g Mopr1a1  (mod 1)
(uoMy — ur My + - - - — g1 Mog + usp Mog11)ar  (mod 1).
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Since the sum for o(n,u) is in normal form, the minimal possible value of
the coefficient sum ugM; —uy Mo + - - - — ug—1 Moy + usi Mar+1 above occurs when
Ug = Us = ... = Ugk—2 = 0, ugr = 1 (as we must have ugy, > 0), and ug;11 = Najt1
for all i < k, i.e., when

o(n,u) = mn+ Niag+ Nsag+ -+ Nog_1a9k + asg+1
= n++aj.

Thus the coefficient sum ug M7 —u; Mo + - - - — ugg—1 Moy + g Mok is positive.
Label it N. Then o(n,u) = Naj (mod 1) and hence o(n,u) = m’ + Na; for some
m' € Z, ie. o(n,u) € [0]T.

A symmetric argument shows that for (n,u) € [(0,0)], we have o(n,u) € [0]

To finish the proof of the lemma, it suffices to check that o maps [(0,0)] onto
[0]. For this, it suffices to check that for every integer k, we have that « = ka; can
be written as a normal form sum with only finitely many nonzero coefficients, as
then there is a corresponding (n,u) € [(0,0)] such that o(n,u) = .

We first show this is true for £ > 0, by induction. Since la; is a normal form
sum, the claim holds for £ = 1. Suppose it is true for k, so that we have

kar =m+xoa1 + - + TpGpia
in normal form. Then
(k4+1Da =m+ (xg+ Day + -+ zpany1.

If xg < Ny, then this sum is in normal form. Otherwise xg = Ny and x; = 0.
Expanding the second term in the sum as

N0a1 + a1 = No(ll + N1a2 + a3 = 1 —|—0a1 -+ (N1 — 1)a2 + as
we have
(k+1ay=(m+1)+0a; + (N1 —1ag + (z2 + L)ag + - + Tpant1-

If 25 < Ns, then this sum is in normal form. Otherwise, x5 = N and z3 = 0.
Now similarly, we expand the term (23 + 1)az as

Nsas + a3 = Noaz + N3ag + as = as + (Ng — 1)(14 + as,
and then write the sum as follows:
(]C + 1)&1 = (m + 1) + 0ai + Nias + Oas + (Ng — 1)&4 + (374 + 1)@5 + -t Tpan4-

And so on. This process terminates in a sum in normal form, either before reaching
the last nonzero term in the original sum, or as a sum of the form

(k4+1)a; = (m+ 1) + 0a1 + Niag + 0ag + N3ag + 0as + - - - + Nog_1a2k + Gopy1-

In either case, we finish having written (k + 1)a; as a normal form sum with only
finitely many nonzero coefficients, as desired.
For k < 0, we proceed similarly. First we note

(9.2) —a; =—-14+(1—ay)=—-14(Nog—1)a; + aq,

which is of the desired normal form. For a fixed k£ < 0, suppose we have
ka; = m+ xpay + - + Tpapi

in normal form. If zg > 1, then

(k—1a; =m+ (xg— Day + - + zpany1,
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which is in normal form. Otherwise, zp = 0 and then from [9.2] we have
(k—1)a; =kar +(—a1) =m—1+(Nog—1l)as + (z1 + L)ag + - - + Tpani1-

If 1 < Nip, then this sum is in normal form. Otherwise, x1 = N; and x5 = 0.
Now by a similar argument as in the k£ > 0 case we continue, finishing either before
reaching the last nonzero term, or as a sum in the form

(k—1)a; = m — 1+ Noay + 0ag 4+ Naaz + - - + No(p_1ya2x—1 + a2

In either case, we have written (k — 1)a; as a sum of the desired normal form. We
are done. g

Lemma 9.15. Suppose z,y € R, z,y ¢ [0], and mEé[y (equivalently, z Egy). Then
o~ Y(z) and o~ (y) are singletons and we have o~ !(z)Ego~1(y).

Proof. Proposition implies that for (n,u) € ZX, we have o(n,u) € [0] if and
only if (n,u) belongs to a jump pair. Thus x,y & [0] implies o~ !(z) = (m,u) and
o~ (y) = (n,v) are singletons.

Said another way, x,y have unique normal form sum representations:

r = m+ziuiai+1
Yy o= n4D, v

From zEgy we have y = = + [ + kay for some [,k € Z. We want to show
(m,u)Ep(n,v). It suffices to check the cases when y = .+ a1 and y = z — a4, as
then the general case follows easily by induction.

We have

x4+a =m+ (ug+ 1)ay +urag + -+ .

If ug < Ny, then this sum is in normal form. Otherwise ug = Ny and u; = 0.
Proceed as in the proof of Lemma The rewriting process must terminate at
some finite stage, since the only way it does not is if ugy, = Nog and uggy1 = 0 for
all k. But then (n,u) = (n,eg) is the left point of a jump pair, a contradiction.
Thus we finish with a normal form sum representation of z + ay. The proof for
T — ap is similar. O

Below is our dynamical representation theorem for left division systems on the
coefficients C.

Theorem 9.16. Suppose that {Ax} is a non-terminating left division system on
the coefficients C. Then there is a collection of orders K[,] indexed by the EZ%-classes
of R such that ZAg = R(K1).

Moreover, there are decompositions

Ky
Ko,

L+ R
L'+ R

111

such that for every k € w, we have
keven = A= R+ (0,ax)(Ky)+ L
kodd = Ap =R+ (0,ar)(Ky)+ L.

Here (0, az) denotes the open interval in R, and (0, ax)(K],]) the restriction of
the replacement R(K[,)) to this interval.
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Proof. Let ZX (Ij(n,4))) be the symbolic representation of ZAg from Theorem
We push forward via o the replacement ZX (Ij(,))) of ZX to a replacement
R(K,) of R. More precisely, for x € R such that o~1(z) is a singleton (m, u), define

Ko = Iimu)-

By Proposition this happens exactly for = ¢ [0].

For z € [0], 0~ 1(z) is a jump pair {(m,u), (n,v)}, say with (m,u) < (n,v). For
such an z, define

Consider the resulting replacement R(K,). It follows from Lemmas and
and the fact that ZX([|(n,.)) is a replacement up to Ey that R(K,) is a
replacement up to Eé We denote it R(K[)).

For (m,u) < (n,v) a jump pair in ZX, for the moment let us view the sum
Iy + I(n,v) set-theoretically as the disjoint union of I(,, .y and I, ,). Then the
rule
(9.3) (n,u, i) — (o(n,u),)
defines a well-defined map from ZX (Ij(,)) to R(K];), which for jump pairs
(m,u) < (n,v) takes the orders I,y and I, ) replacing the adjacent points
(m,u), (n,v) onto the order I(;, y + I(n) replacing x = o(m,u) = o(n,v). By the
definition of the replacement R(K(,)), this map is clearly an order-isomorphism.
Hence

Next, from the definition of R(/[,)) we have the isomorphisms

Ky L+R
K,, L'+R

I(*Leo) + I(O,ﬁ)
T0,e1) + L(0,0,0)

1R
1R

where L = I(_1 ¢y), L' = I(g,,), and R = T0.5) = L0,0,5)-

For a given k, we have Ay = X (g ox)(I[(n,»)) by Theorem The left endpoint
of X,y is (9,6) and the right endpoint is (0, eg).

Since ¢(0,0) = 0 and, by Lemma 0(0,er) = ai, we have that the interval
X 0,00 [(n,0))) In ZX (I}(,»)) pushes forward (via to an interval in R(K7,) that
decomposes as

Tio5) + (0, ak) (Ka)) + L(0,er)

Since I(g,e,) = L(0,e0) = L when k is even and I(g,) = I(g.,) = L' when k is odd,
the last claim in the statement of the theorem follows. O

Definition 9.17. Let D = {Ax} be a fixed non-terminating left division system
on the coefficients C. The representations

A X (Ijuy)

ZAg ZX(L{(n,u))
yielded by Theorems and are symbolic representations of the orders Ay and

ZAy for the system D.
The representations

1111

AQk = R + (0, agk)(K[ag]) + L
A2k+1 = R+ (0, agk)(K[r]) + L
Z7Ay, = R(K[x])
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yielded by Theorem [9.16] are real representations of the orders Ay and ZA, for D.

Definition 9.18. The real representation ZAy = R(K(,)) from Theorem is
sufficient if Ko = K,,. It is symmetric if L = L',

Since Ko 2 L+ R and K,, 2 L' + R, symmetry of the real representation in
Definition [9.18] implies sufficiency.

The following proposition says that sufficiency is just the assertion K, = K, for
all a,a’ € G =10].

Proposition 9.19. If the real representation ZAy = R(K[,)) from Theorem
is sufficient, then R(K] []) is a replacement up to Eg.

Proof. Tmmediate from Theorem if Ko = K,, then K, = K, for all z,y € [0].
Then K, = K, for all z,y such that zEqy. (]

The following lemma says that when its real representation is sufficient, every
a € G induces an automorphism of ZAg = R(K[y)).

Lemma 9.20. Suppose the representation ZAg = R(K[,) from Theorem is
sufficient and ¢ : Ky — K,, is a fixed isomorphism. Then any ¢ € G induces an
automorphism of R(K(,)) via the map

(x+a,p(k)  ifzel0]” g(x) €[0]";
(z,k) = (z+a,97'(k) ifzel0]* g(z) €[0];
(x4 a, k) otherwise.

If the representation is symmetric, then ¢ may be taken to be the identity.

Proof. If x € [0]” and z + a € [0]", then K, = K and K,1, = K,,, hence the
rule (z,k) — (x + a, p(k)) is well-defined.

Symmetrically, (z,k) — (2 + a, p(k)) is well-defined if x € [0]T,z +a € [0] .

In all other cases K, = K,, since not only xEgx + a but acEg(:c + a), and
so (z,k) — (x + a,k) is well-defined. Thus the map is well-defined globally, and
clearly is an automorphism of R(K{,)). O

Since the discussion in Section [5.3|concerning the data yielded by a run of the left
Euclidean algorithm depends only on arithmetic identities satisfied by the division
terms Ay, and not the convex embeddings from which they arose, it applies to an
arbitrary terminating left division system {Ay; M}. Thus from that discussion, we
know that for such a system we have, for k, k' < M,

ZAk- = ZAk/;
wAk o wAk/;
WA =2 w*Ap k=K (mod 2).

The proposition below says that if a non-terminating left system has a sufficient
real representation then the same isomorphisms hold.

Proposition 9.21. Consider the real representation ZAy = R(K{,)) from Theorem

9. 10l
i. If the representation is sufficient, then for all k, k' € w, we have
wAk = wAk/;
WA 2 w*Ap ifk=k (mod 2).
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ii. If the representation is moreover symmetric, then Ay + Ay = Apr + Ag and
w*Ay = w* Ay for every k, k' € w.

Proof. We have
WAk = R+ (0,a1)(Kjg) + M + R+ (0,a)(K[y) + M+ R+ -

where M = L or M = L’ depending on the parity of k. In either case, by sufficiency
we have M + R = K,,. Further, since the representation is a replacement up to
Eg and a; € G, we have K,, = Ky, and (0,ax)(Ky)) = (nax, (n + 1)ag)(Kz)
for every n € w, via translation by na; € G. Hence

wApg R+ (0,ax)(Kjg) + M+ R+ (0,ar)(Kg) + M +R+---

R+ (0, a1)(K[g) + Ka,, + (ag, 2ax)(K[z)) + Koq,, + -

1R 1R

Since k was arbitrary, we have wAy = wAp = R+ (0,00)(K[)) for every k, k' € w.
Similar arguments show that

LAy, = R(Kpy)) = ZA,
for every k, k' € w, and on the other side,
WA = (—00,0)(Ky) + L
when k is even and
w Ay 22 (=00,0)(Ky) + L'

when k is odd. This proves (i.).
For (ii.), if we have L 2 L', then the above yields

wr Ay = (—OO, 0)(K[w]> + L =W Ay
Further,

A + Ay R—|—(O,ak)(K[$])—|—L—|—R+(O,ak/)—|—L

R+ (Ovak)(K[a:]) + Kak + (ak;ak + ak’)(K[a:]) +L
R+ (0,ax + ak/)(K[x]) + L

for all k, k' € w. Since ay, + ai = ays + ay, this implies A, + Ay =2 A + A, O

1R 1R

There are examples showing that the sufficiency hypothesis from Proposition
[0.21] cannot in general be dropped.

9.3. Real representations of right systems. In this section we state the anal-
ogous real representation theorem for non-terminating right division systems. The
(omitted) proof is symmetric with the left division proof.

Since it is only the real representations of such systems that will be of interest
later, we leave out discussing their symbolic representations.

The set of division coefficients C = {Ny}, the sequence {ay}, and the group G
are the same as in the previous section.

There is one important difference of notation from the left-sided setting: we now
view G as generated by the translations x — x — 1 and x — x — a;. Consequently,
we redefine the forward and backward orbits of [0] = [0]g,:

0T ={rcR:3ImneZ,n>0,x=m+n(—a)}
and
0 ={zeR:ImneZn<0,z=m+n(—a)}
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We again write Eé for the equivalence relation obtained from Eg by splitting [0]
into the two classes [0]T and [0]~.

Theorem 9.22. Suppose that {Ay} is a non-terminating right division system on
the coefficients C. Then there is a collection of orders K[,] indexed by the Eg—classes
of R such that ZAg = R(Kl,).

Moreover, there are decompositions

Ky
K_q,

L+ R
L+ R

1111

such that for every k € w,

keven = A= R+ (—ax,0)(Kp)+L
kodd = Ay =R + (—ak,0)(Kp)+ L.

Symmetrically with the left case, we say that the representation from Theorem
is sufficient if L+ R = L+ R’ and symmetric if R = R'.

If the representation is sufficient, then K, & K, for any a,a’ € G = [0], in which
case any a € G lifts to an automorphism of R(K[,) via the right-sided version of
Lemma

Here is the analogue of Proposition

Proposition 9.23. Consider the real representation ZAy = R(K{,)) from Theorem
9.22)

i. If the representation is sufficient, then for all k, k' € w, we have

ZA, = ZAk/;
W*Ak = W*Ak/;
wA, 2 wAp k=K (mod 2).

ii. If the representation is moreover symmetric, then Ay + Ay = A + Ag and
wAE =2 wAy for every k, k' € w.

9.4. Real representations of symmetric systems. We next state the real rep-
resentation theorem for non-terminating symmetric division systems. There is a
new wrinkle here: in general, in order to get symmetry of the representation from
the symmetry of the division system, we have to assume an extra hypothesis, namely
that the system is non-splitting.

Theorem 9.24. Suppose that {Ay} is a non-terminating, non-splitting symmetric
division system on the coefficients C. Then there is a collection of orders K
indexed by the Eg-classes of R such that ZAg = R(K1,).

Moreover, there is a decomposition

Ko = L+R
such that for every k € w,
A = R+(0,a)(Ky)) + L.

Proof. View {A} = {Ar = NiApt1 + Arr2} = D as a left division system.
Let ZX (I(,,u)) be the symbolic representation of ZAq from Theorem and
let R(K(,)) be its pushed forward real representation (via the map o) from Theorem

Let
Ay

Ay

R+ (0,1)(Kpy) + L
R+ (O,CLl)(K[m]) + L

111
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denote the corresponding real representations of Ag and Aj.

Since the system is symmetric we have Ag+ A; & A; + Ag. Fix an isomorphism
f:Ap+A; — A+ Ag. View L’ as a final segment of A, and A; as a final segment
of Ag 4+ A;. Likewise, view L as a final segment of Ay, and Ay of Ay + Ag.

From the proof of we have L = [ o) and L' = I(g,).

Recall from the proof of Theorem that in the symbolic representation Ay =
X (I1)), the rightmost replacement order I.,, which is isomorphic to /(g ), is ob-
tained as an intersection of a rightward D-branching {I,,} in Ay = Ap: namely, by
taking Iy to be the final copy An,o of A2 within Ag = NgA; + Ag, taking I to be
the final copy An,on,0 of A4 within An,0 = N2As + A4, and so on.

Recall the definition of the branching condensation ~p from Section Since
D is non-splitting, by Proposition the branching intersection (), I,, = L is an
initial segment of the ~p-class §(z) for any given x € L. Since L is a final segment
of Ap, it must in fact equal §(x). Thus, if L is non-empty, it is the rightmost
~p-class in Ag.

By a similar argument L’ is the rightmost ~p-class in Ay, if it is nonempty.
By Proposition [6.12] since D is non-splitting, ~p-classes are preserved by convex
embeddings. Since f is an isomorphism (i.e., a surjective convex embedding), it
follows one of Ag+ A; and A; + Ap has a nonempty rightmost ~p-class if and only
if the other does, and in this case, f sends one of these classes onto the other. That
is, either L = L' = or f[L'] = L. In either case, L = L'.

Thus the representation R(K1,) is symmetric, and the theorem now follows from
Theorem ([l

In Section we will generalize the rigidity argument for ~p-classes of non-
splitting systems from the proof above. See Theorem [9.31]

Proposition 9.25. Consider the real representation ZAy = R(K(,)) from Theorem
Then for all k, k¥’ € w we have the identities:

W*Ak ~ Ak’ 3
OJAk = wAk/ .
Proof. Straightforward from Theorems and O

9.5. Representations of rational systems. In this section we present the anal-
ogous symbolic and real representation theorems for non-terminating rational di-
vision systems. We indicate the proofs only briefly: though they are not identical
to the corresponding proofs from Section for left systems, they take the same
approach and are in fact simpler. In particular, there is no distinction between for-
ward and backward orbits of the origin, and the representations are automatically
sufficient.
Let C = { Ny} denote a fixed set of rational division coefficients.

Definition 9.26. The rational division tree TC = T on the coefficients C is defined
recursively as follows.
[ ] TO = {(Z)}
e Given T} for £ € w and a terminal node r € T}, we have by induction
that || = k. Define the set of extensions S, = {r0,r1,...,r(N; — 1)} of r,
consisting of the successors ri for 0 < i < N — 1.
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Define
Tk+1 =T, U U S;.

r € T} terminal

T = UTk.

kew

e Define

Definition 9.27. The rational division order X¢ = X on the coefficients C is the
body [T] of the rational division tree T' on the coefficients C, equipped with the
lexicographical ordering.

We copy over the notation and terminology from the one-sided representation
setting. In particular T,, X,, and Ey have their expected meanings for rational
division trees T' and orders X.

Theorem 9.28. Suppose T is the rational division tree for the division coefficients
C and X is the corresponding rational division order.

i. For every non-terminating rational division system {Aj : k € w} on the
coefficients C, there exists a collection of orders {If,; : v € X} indexed by
the FEy-classes [u] of X such that for every node r € T with |r| = k, we
have Ay, = X,.(If,)). In particular, Ag = X (I})).

ii. Conversely, suppose {I},) : u € X} is a collection of orders indexed by
the Ey-classes of X and X([},)) is the corresponding replacement of X
up to Ep. Then for every pair of nodes r,s € T with |r| = |s| we have

Furthermore, if for each k we fix Ay isomorphic to X, (Ij,) for some
(equivalently, any) node r with |r| = k, then Ay = NpAgyq for all k € w,
that is, {Ay : k € w} is a non-terminating rational division system on the
coefficients C.

Proof. Analogous to the proof of Theorem Since the system is rational, the
tree T has no irregular nodes. For every r € T, recursively define embeddings
frt Al — Ag via the rule

fTi = foik

for 0 < i < N — 1, where fik is a fixed embedding of Aj41 onto its ith copy in Ay.
Then taking intersections of iterated images of the maps f, yields a representation
of the form Ay = X(/},)), and more generally Ay = X,.(I},)) for any |r| = k. This
yields (i.); (ii.) is also straightforward adaptation. O

Consider the sequence of rational numbers aj; determined by the equations
ap = Nkt
(on the coefficients Ny, € C) by setting ag = 1. Thus for k£ > 0, we have

1

ap = ——.
"7 NNy Ny

Let G denote the group of translations on R generated by the maps = — = + ay,
and let Eg denote its orbit equivalence relation. Since the sequence aj converges
to 0, the orbits [z]g, = [z] are each dense in R.
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Theorem 9.29. Suppose that { Ay} is a rational division system on the coefficients
C. Then there is a collection of orders K[, indexed by the Eg-classes of R such
that ZAg & R(K[l])

Moreover, there is a decomposition

Ky 2 L+R
such that for every k € w,
Ak = R+ (O,Cl,k)(K[z]) + L.

Proof. From the representation X (Ij,)) of Ag we may write down a representation
ZX (Ij(n,uy) of ZAg that we will push forward to get R(K(,).
Define the map o : ZX — R as before:

o(n,u) =n+ Z Ukt 1-
kEw

Then o is essentially an order-isomorphism of ZX and R, up to condensing each
jump pair in ZX onto a singleton in [0]g, = [0].

Let ey denote the sequence (Ng — 1)(Ny — 1)... € X. Then e is the right
endpoint of X; 0 is its left endpoint.

Each jump pair in X has its left point in the Fy-class of ey and its right point
in the Ey-class of 0. Thus if we replace each € R by

Kz = Lo—1(2)
whenever o~!(z) is a singleton, and by
Ky, =1+ 1I5
whenever z is a condensed jump pair (i.e. when x € [0]), the resulting replacement
R(K,)) is up to Eg and naturally isomorphic (via o) to ZX (Ij(p,)) = ZAo. O
Since the replacement R(K7) is up to Eg in Theorem every a € G induces
the automorphism (z,k) — (z + a, k) of R(K[y).

Proposition 9.30. Consider the real representation ZAy = R(K[,)) from Theorem
Then for all k, k' € w, we have A+ Ay = Ay + Ay and we have the identities:

w*Ak = w*Ak/;
OJAk = wAk/.
Proof. Straightforward from Theorem [9.29 O

9.6. Invariance of representations for non-splitting systems. In this section
we prove rigidity theorems for the real representations R(KT,) of non-splitting
division systems D. We will see that the non-splitting hypothesis is a strong one:
it implies that these representations are canonical. Our results here are the main
tools we will use in our classification of the commutative semigroups representable
in (LO,+) in Section

Fix a set of division coefficients C, and also fix D = {4} : kK € w} a non-
terminating left, right, or rational division system on these coefficients. Let X (If,)
and ZX (I,)) = R(K7,)) be the representations for Ag and ZAg obtained above.

A priori, these representations are not invariants of the order type of Ag: they
depend on the other orders A, appearing in the system D, the particular convex
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embeddings f, used to embed these orders in Ay, and the intervals I, these maps
uncover.

The intervals I,, are obtained by iteratively decomposing Ag via the isomorphisms
in D (or more precisely, via the maps f, witnessing these isomorphisms), and taking
an intersection along a descending sequence of intervals {I,, }, the nth appearing at
the nth stage of the decomposition, and each isomorphic to some Aj.

Such a sequence is a D-branching (see Definition . In the case when the
system is non-splitting, this observation combined with Proposition [6.14] may be
used to show that the representations we obtain by this process, written in terms
of the intervals I,,, are canonical.

Define a condensation ~4 on the symbolic representation X (I,;) by the rule

(u, %) ~q (v,7) if u =0 or u,v form a jump pair in X.

This condensation condenses each replacement order I, in X (Ij,) back into a point,
as well as the intervals I,, + I,, corresponding to a replaced jump pair.

Let d denote the condensation map for ~g4, so that d(u,i) denotes the ~4-class
of any given (u,i) € X(I[y))-

We also write ~4 for the condensation defined on the representation ZX (Ij,)) by
the same rule, as well as the corresponding condensation on the real representation
R(K[) (i.e. the relation obtained by pushing forward ~g via o). On R(K[;)), ~a
is just the replacement condensation defined by

(Z‘,k‘) ~d (Z’/,l) ifz= 1'/,

and the d-classes are just the replacement orders K.

The condensation ~g is defined on the representations X (Ij,)), ZX (I},)), and
R(K[,)). A priori, to view ~g as defined on the represented orders Ay and ZAg
requires fixing isomorphisms between the orders and these representations.

Recall the definition [6.10| of the condensation scheme ~p associated to D. This
is a global condensation scheme on LO, invariant under convex embeddings, which
depends only on the order types of the orders Ay appearing in D. As before we
write 0 for the condensation map of this condensation.

Theorem 9.31. Suppose D is a non-splitting system. Then ~; coincides with ~p
on each of the representations X (Ij,)), ZX (If,)), and R(K[).

Proof. Assume D is a left division system. The proofs for right systems and rational
systems are similar.
We prove the statement first for X (Ij,)). From the proof of Theorem for
each u € X we have
L= () Auts-
kcw
When u [ k is a regular initial sequence of u we have

Ayt Aturkyo + Areyr + -+ Ay (Ne=1) T Autk) N0

Apg1 + Aggpr + -+ Apr + Apgo.

111

Let {ky} be the strictly increasing sequence of indices such that u | k,, is the nth
regular initial sequence of w. Let I = Ay x,. Then {I'} is clearly a D-branching.

Note that this branching is rightward when u € [eg] U [e1], leftward when u € [0],
and middle exactly when u & [eg] U [e1] U [0].
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Fix z € X(I})). Then x € I, for a unique u € X. We claim that the ~p-class
of 2 coincides with its ~g-class in X (If)), i.e. d(x) = 0(x).

If u & [eg] U [e1] U [0], then u is not in a jump pair and I, = d(x). It is also
the intersection of the middle branching {I*}, which by Proposition is the
~p-class of z. That is, d(z) = §(z) = I,, and we are done in this case.

If w € [eo] U [e1] and u < eg, then w is the left point of a jump pair v < v in X
with v € [0]. Thus d(z) = I, + I,,. By Proposition @ I,, is initial in §(x), since it
is obtained as the intersection of the rightward branching {I}. Symmetrically I,
which is right adjacent to I,,, is obtained as the intersection of a leftward branching,
and hence final in the ~p-class §(y) of any y € I,.

Since I,, and I, are adjacent, they must be intervals in the same ~p-class C, as
otherwise there would exist two adjacent ~p-classes in X, contradicting Proposition
6.11}(iii.). It follows that C' (in which I, is initial and I, is final) is I,, + I, i.e.
d(z) =0(z) = C = I, + I,. Thus again, the ~4 and ~p-classes of = coincide.

The argument is symmetric when u € [0] and u > 0. It remains to check the
claim in the cases when v = 0 and u = eg. If u = 0, then I,, = d(x), and it is final
d(z), being obtained as the intersection of a leftward branching. But then since I,
is initial in X (I,), it must in fact coincide with d(z). Thus we are done again in
this case, and the case when u = eq is symmetric.

Since x was arbitrary, ~4 and ~p coincide on X (I[,)), as desired. The proofs
for ZAg and R(K[,)) are similar. O

Theorem implies that every automorphism of R(K7,)) determines an auto-
morphism of R.

Proposition 9.32. Suppose Z? is a non-splitting system. For an automorphism
[ R(K[y) = R(KY), define f: R — R by the rule

f(x):yﬁf[Kx} = K,.
Then f is an automorphism of R.

Proof. We first check that f is well-defined. Since f preserves ~p by Proposition

[ preserves ~g by Theorem That is,
f[d(.%‘, k)] = d(f(.’L‘, k))
for any (z,k) € R(K[x]). But d(z,k) = K, and d(f(z,k)) = d(y, k") = K, where
(y,k") = f(x, k), which shows there is y € R such that f[K,] = K,. Thus f is
well-defined. R
It is now straightforward to see that f is order-preserving (since f is order-

preserving and preserves ~4) and onto (since f is onto), and hence an automorphism
of R, as claimed. O

When D is non-splitting, we will continue to use the notation from Proposition
and write f for the automorphism of R condensed from an automorphism
[ R(K)) = R(Kp).

For a linear order A, we write Aut(A) = Aut(A, <) for the group (under com-
position) of automorphisms of A.

Proposition 9.33. Suppose D is a non-splitting system. The map
¢ Aut(R(Kp,))) —  Aut(R)
o(f) = f
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is a group homomorphism with kernel
N ={f € Aut(R(K[y) : Vz € R, f[K,] = K, }.
Proof. Straightforward. O

For the next theorem, recall the archimedean comparability relation ~,,, from
Definition A ~eonw B if 2A <conw mB and 2B <cony nA for some integers
n,m > 1. The theorem says that any non-terminating system D’ on an initial order

o with Af) ~conv Ao determines the same condensation as D.

Theorem 9.34. Suppose D’ = {A4}.} is a non-terminating division system (on some
set of division coefficients C') with A{ ~cony Ao. Then ~p and ~ps coincide (on
every linear order A).

Proof. Fix a linear order A, and suppose there exist points < y in A such that
x ~p y but z o¢p y. Then for some k we have A) <conv (2, Y]

By hypothesis we have 2A4¢ <cony mAf for some m > 1. By iteratively splitting
terms using the isomorphisms from D’, we may write mAj, as a sum

mAy =Y A
i<N
such that k; > k for all ¢ < N. Then A;Ci ZLeonv A for all i < N.
Now by iteratively splitting terms via the isomorphisms from D, we may find
M > N such that 24y decomposes as an M-sum of terms Akj from D:

2402 ) Ay,

<M
Then since M > N and 240 <cony MmA[ we have

Z Akj Sinit Z Ak:j Lconv Z A;{;l

<N j<M i<N
By Corollary we deduce Ag; <conw A;ci for some 7 < N. But then

! !/
Aki <conv ki <conv Ak <conv [xayL

contradicting = ~p y.
A symmetric argument shows z ~p y implies x ~p y. Thus ~p and ~p/
coincide on A, as claimed. O

We note that Theorem does not assume that D is non-splitting.

Suppose that Aj is a non-splitting order. Then any non-terminating division
system D with initial order Ay is non-splitting. Suppose we have two such systems
D and D', and let R(K[)) and R(K [’z]) denote the representations of ZAy obtained
from D and D', respectively. For the moment we identify these orders with ZA,
and view each replacement order K, from R(K[,)) and K7 from R(K[,)) as intervals
in ZAO

Taken together, Theorems [9.31] and imply that these representations are
“the same” in the sense that the partitions of ZAy into the intervals K, and K/,
determined by these representations are the same. That is, for every x € R there
is y € R such that K, = K. It will follow from our work below that since both
representations are normalized by representing Ag as a replacement of the unit
interval, we in fact have K, = K/, for all z € R.
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However, the groups G' and G’ associated to D and D’ depend on the isomor-
phisms in these systems, and may differ, as may their associated orbit equivalence
relations Eg and Eg. We view R(K[;)) as being a replacement up to Eg and
]R(K[’x]) as being up to Fqr, so there is a sense in which these representations still
carry slightly different information.

In fact, since K, = K/, for all =, both representations are up to Ep, where H
is the group generated by G U G’, and may be up to a coarser equivalence relation
still, depending on whether there exist other translations of R not in H that induce
automorphisms of R(K[,]). Nonetheless, we will continue somewhat informally to
refer to “the” real representation ZAg = R(K[,)) when Ag is non-splitting.

9.6.1. Length invariance in non-splitting systems. For this section, we assume again
that D is non-terminating and R(K7,)) = ZAy is the associated real representation.
Also as before, d is the condensation map for ~4, and § for ~p. When D is non-
splitting, the two relations coincide on ZAy (i.e. d =) by Theorem [9.31]

Definition 9.35. Given an interval I C R(K[), define £(1) to be the length in R
of the condensed image d[I] of I under the replacement condensation map. We call
£(I) the length of I in R(K1).

Since R is Dedekind complete, every closed and bounded interval in R is of the
form [a, b] for some a < b in R. This observations leads to the following proposition,
which characterizes the forms of intervals in R(K[,)) in terms of their lengths.

Proposition 9.36. Suppose I C R(K[,) is an interval.
i. £(I) =0if and only if I C K, for some a € R;
ii. 0 <{(I) < oo if and only if T is of the form
1= R (a,b)(Kp) + L

where R is final (and possibly empty) in K, and L is initial (and possibly
empty) in Kp.
ili. £(J) = oo if and only if I is of one of the following forms

I =2 R+ (a,oo)(K[z])
I = I=(—00,b)(Kp)+L

for some a,b € R and some (possibly empty) intervals R final K, and L
initial in Kjp.

Proof. Straightforward. O

In case (ii.) of Proposition we have ((I) =b— a.

As previously, let ap = 1 and let {a; : k € w} be the positive real numbers
satisfying the equational versions of the isomorphisms in D. Let G = (a : k € w)
denote the group generated by the translations = — x + ay, viewed as a subgroup
of (R,+). Since D is non-terminating, G is dense in R.

The following definition of sufficiency for the real representation captures the
previous definitions when D is a division system of a specific type.

Definition 9.37. The representation R(K(,) is sufficient if it is a replacement up
to FEg, i.e., if K, =2 K, for all a,a’ € G.
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Lemma 9.38. If R(K7,) is sufficient then any a € G induces an automorphism of
R(K[3)) via the map
(k) = (z + a, p5(F))

where for each v € R and a € G, ¢§ is a fixed isomorphism of K, and K,4,.

Proof. Clear. (]

Lemma 9.39. Suppose R(K[,)) is sufficient and I, J C R(K|,)) are intervals. If
O(I) < £(J) then I <cony J-

Proof. First assume 0 < ¢(I) < ¢(J) < co. By Proposition [9.36] we have

I = R-i—(a,b)(K[x])-f—L
J = R/—I—(Qd)(K[z])—i-Ll

where R is final in K,, L is initial in Kj, R’ is final in K., L’ is initial in Ky, and
b—a=4¥(I)<{(J)=d— c. In particular, we have

I <conw [a7 b](K[a:]) and (C, d) (K[z]) Leonv J-
Since b —a < d — ¢ and G is dense in R, there is x¢g € G such that
c<a+xg<b+zo<d.

Since the representation is sufficient, x — -+ lifts to an automorphism of R(K).
In particular, we have the chain

1 Leconv [aab](K[x]) = [a + .’Eo,b+ xO](K[x]) c (Cv d)(K[x]) Lconv J.

Hence I <.onv J, as claimed.

If 0 < ¢(I) < £(J) = o0, a similar proof works.

Finally, if £(I) = 0, then I C K, for some x € R. Then x + a is in the interior
of the condensed image d[J] of J for some a € G, by density of G. This implies
Kiyq € J and hence K, <conv J, yielding I <cono J. [l

Each term Ay, from D is isomorphic to an interval of the form R+ (0, ax)(K[5))+L
in R(K[3)) of length ay. It follows from Lemma W that if R(K(,)) is sufficient
and I C R(K[) is an interval with £(1) > ag, then Ay <cony I. Conversely, if
E(I) < ag, then I <cono Ay

The next sequence of results are rigidity theorems for the representation R(K|,))
when D non-splitting. From a long view, they are consequences of the Splitting
Dichotomy Theorem In particular, Proposition below, which says that
for non-splitting D, length is an order type invariant for intervals I C R(K[y),
implies Corollary [£.21] of the splitting dichotomy for the terms Ay, which says that
finite multiples nA of a non-splitting order A are pairwise distinct.

Proposition 9.40. Suppose D is non-splitting, R(K[,)) is sufficient, and I,J C
R(K[y) are intervals. If I = J, then ((I) = £(J).

Proof. Suppose toward a contradiction we have I = J but ¢(I) < £(J). We again
assume first that 0 < ¢(I) and ¢(J) < oo.
By Proposition [9.36] I and J have the forms

I = R+ (a,b)(Kp))+L
J = R/—I—(Qd)(K[z])—i-Ll
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with b —a < d — ¢. By the proof of [0.39] sufficiency implies there is a translated
copy of I of the form R + (a’,0')(K[,)) + L with ¢ < @’ <b" < d. Replacing I with
this copy, we may assume a = o’ and b =¥'.

Since I 2 J there is an an isomorphism

(9.4) f:R/-f—(c,d)(K[x])-i-L/—>R+(a,b)(K[x])+L.

By Corollary [6.12] f sends ~p-classes to ~p-classes. As D is non-splitting,
by Theorem [0.31] these classes are precisely the replacement orders K, and the
segments R, R', L, L’ in the expression above. Since R’ is the initial ~p-class in the
domain of f, it must map onto the initial class R in its image. Likewise f[L'] = L,
and it follows that f restricts to an isomorphism

Identify f with this restriction, and label (¢, d)(K1;)) = [I,7] by its endcuts. Then
f is a convex self-embedding of [I,r] (i.e., compression) with an initial w-orbital
O¢ (1) whose initial jump A; ; equals (c, a](K[)-

Label this jump C' = (c,a](K[;). Then Oy (l) = wC. Since {(C) = a —c > 0,
there is k € w such that ax < ¢(C). By Lemma A <eonw C. Since every
non-empty final segment of wC embeds a convex copy of C it follows Ay convexly
embeds in every non-empty final segment of O¢(1).

As Og(l) is bounded in R(K[,) (specifically, it is bounded above by r which
belongs to the interval (a,b)(K[,))), we may find a non-empty final segment O’ of
Oy(1) such that £(0’) < ag42. By Lemma we have O’ <conp Agao. With the
above, we get the chain

Ak Sconwv o' Seonv Ak+2a

which gives Ap <conv Akt2. Since 2Ak12 <cony Ar (by Lemma when D is
one-sided and by definition when D is rational), this implies Apio is splitting,
contradicting that D is non-splitting.

If 0 < £(I) < £(J) = oo, then a similar argument works taking one or both of
c= —o0 and d = oo.

f4(I) =0 < £(J), then I C K, for some x. Then any isomorphism between I
and J embeds a copy of some Ay into I. By splitting Ay into a sum of terms if
need be, we may assume this copy is bounded below by some p € K, and above by
some q € K, contradicting p ~p q. (I

Definition 9.41. Suppose D is non-splitting, R(K[,)) is sufficient, and I <cono
R(K[z)). Define £(I) as £(f[I]) for any fixed convex embedding f : I — R(K[)

By Proposition ¢(I) is well-defined in Definition as the value ¢(f[I])
does not depend on the particular embedding f.

Proposition 9.42. Suppose D is non-splitting, R(K[,) is sufficient, I <cono
R(K[x]), and I = I() + Il- Then K(I) = Z(Io) + E(Il)

Proof. Label I = [I,r] by its endcuts, and let I < m < r be a cut decomposition
witnessing I = Iy + I;. Fix a convex embedding f : I — R(K[;)). Then f(I) € K,
f(m) € Ky, and f(r) € K, for some a,b,c € R with a < b < ¢. Then

(1) = £(flI]) = c—a=(c=b) + (b—a) = L(f[L]) + £(f[]) = £(Io) + £(1),

as claimed. O
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As before, we identify the additive group of real numbers (R, +) with the sub-
group of Aut(R, <) consisting of translations, and call subgroups of (R, +) groups
of translations.

An automorphism f € Aut(R) is called irreducible if f has no fixed points.
Equivalently, f is irreducible if R consists of a single Z-orbital of f, i.e. Of(z) =R
for all points or cuts x € R (excluding endcuts, which are fixed). The identity map
is also irreducible, by convention.

For the next two propositions, let ¢ denote the group homomorphism from
Lemma

¢ Aut(R(Kp;))) — Aut(R)
e(f) = [

Both of the propositions below are rigidity theorems: they are each expressions
of the fact that for non-splitting systems D, automorphisms of R(K7;) cannot
compress intervals (except infinitesimally).

Proposition 9.43. Suppose D is non-splitting and R(K7,) is sufficient. Then for
every f € Aut(R(K[,), the condensed automorphism f € Aut(R) is irreducible.

Proof. Suppose f is not irreducible. Then in partlcular f is not the identity. Let
¢ be a cut in R at which f is not fixed. Then since f is an automorphism, O ; ( )
is a Z-orbital, which must be bounded on at least one side in R since f is not
irreducible.

Suppose without loss of generality O f(c) is bounded on the right, and that f
is increasing on Of( c). Let m denote the right endcut of Os(c). Then [c,m] is
isomorphic to wA_

Let [ denote the length of the interval A, 1n R. Then there is some n such that
[ is strictly greater than the length I’ of f"[ ] as these lengths go to 0 (as f™(c)
approaches m).

Viewing c also as a cut in R(K[,)), we have
A=A, ;(Ky)

Hence ¢(Ac r) = I, and likewise ((f"[Ac s]) =1 <. But A. s = f"[A. ], contra-
dicting Proposition [9.40) (]

The Holder-Conrad theorem (cf. [3, Chapter 3]) states that groups of irre-
ducible order-automorphisms are isomorphic to subgroups H < (R,+). The fol-
lowing proposition is a rigidity theorem in the same spirit, deduced directly from
our arithmetic theory for (LO,+). The fact that the group H appearing in the
proposition is strict in (R, +) will feature in our classification of LO-representable
commutative semigroups in Section

Proposition 9.44. Suppose D is non-splitting and R(K[,) is sufficient. Let
H = p[Aut(R(K[y))]

be the image of the homomorphism ¢, so that H = Aut(R(K\;))/ker(¢). Then H
is a strict subgroup of (R, +).

Proof. We first check that f is a translation for every f € Aut(R(Ky)). By
Lemma f is irreducible. If f is the identity, we are done, so suppose f is not
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the identity. Since R consists of a single Z-orbital of f, f is either increasing or
decreasing on R. Suppose without loss of generality it is increasing.

Suppose toward a contradiction that f is not a translation. Then we can find
cuts ¢, € R and positive reals 7,/ € R such that f(c) =c+r, f(¢) = + 7/,
and 7 < 7'

Since O(c) = O(c’) =R there is a unique N € Z such that

¢ < fN(e) < f() < FNH (o).
Let B' = [¢, fN(c)] and ¢ = [fN(c), f(¢')]. Thus
[, f( ) =, +7]

decomposes into the initial segment B’ and final segment, ¢’ , and

e, ()] = [e,e+7]
decomposes into the initial segment C' = f~ [ '] and final segment B = f-N+1 [B' |
Since r’ < r, either the length of B’ is less than that of B or the length of ¢ is
less than that of C'. Suppose the former, and let B = E(K[m]) and B’ = B’(KM)
be the corresponding intervals in R(K[,). Then £(B) > ¢(B’) and also B = B’ (as
witnessed by fV~1), contradicting Lemma The case when the lengths of C’
and C differ is similar.

Thus f is a translation, and since f was arbitrary, we have that H is a subgroup
of (R,+).

It follows that R(K[,) is in fact a replacement up to the orbit equivalence relation
Eg of H, ie. K, = Ky, for all x € R and h € H: indeed, we have h = f for
some f € Aut(R(K[,)), and Ky = f[Kq] = Kj(,y = Kpa)-

If H = (R, +), then this yields K, = K, for every =,y € R. Letting K be a fixed
order of the common order type of the orders K, we have R(K,) is (isomorphic
to) the lexicographic product RK. Moreover, A is of the form

R+ (0,1)K + L,

for some R, L such that L + R = K. But then

1 1
(9.5) AO%R+(0,§)K+L+R+(§,1)K+L.
3K
and (3,1)K are each isomorphic to (0,1)K. Then the isomorphism witnesses
Ap = Ay + Ay, contradicting that Ay is non-splitting. Thus H is strict in (R, +),
as claimed. 0

Since the interval (0, 3) and (4,1) are each isomorphic to (0, 1) it follows (0

For most of the results of this section, we assume sufficiency of the representation
R(K[;)) as a hypothesis. However, in Section we will need to prove the suffi-
ciency of the representation of a certain non-splitting system D by way of a length
invariance argument. In order to do this, in Proposition [9.46] below we establish
a weak version of Proposition [0.40] in which we do not assume sufficiency of the
representation, but assume instead that the intervals I and J satisfy I C J. In
order to adapt the proof, we first show the following weak analogue of Proposition
9.39] which again works in the absence of sufficiency.

Lemma 9.45. Let R(K[;)) be the real representation of D. Fix z € R.
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i. For all € > 0, there exists an integer k > 0 such that
A Sconv [7, 2 + €] (K[g))-

ii. For every integer k > 0, there exists € > 0 such that
[z, 2 + €] (K[g]) Sconv Ak-

Proof. For (1.): Identifying K, with the corresponding interval in the symbolic
representation ZAg, we have that K, is either isomorphic to (if ¢ [0]), or has a
final segment isomorphic to (if z € [0]), some I, ,,) = I,, obtained as an intersection
of the leftward branching

AuOQAuoul :_)QAurnQ

Thus for any interval I C R(K[;)) extending K, to the right, by the leftwardness
of the branching there exists k such that A, C I. Passing to k + 1 if need be, we
may assume u [ k is a regular node, and hence A, = Ag. Thus Ay <cono I, and
(i.) follows.

For (ii.): Since the branching is leftward, A, strictly extends K to the right.
There must exist some € > 0 such that I = [z, 2 4 &](K[z)) € Aupr. Thus I <cono
Auyri. We have that A,y is either isomorphic to Ay or Ap41, depending on the
regularity of w | k, but since Agy1 <conv Ak, in either case we have I <.ony Agk,
which gives (ii.). O

By symmetric arguments, the symmetrized versions of (i.) and (ii.), obtained by
replacing [z, z + €](K[)) with [z — ¢, 2](K[3)), also hold.

Proposition 9.46. Suppose D is non-splitting and we have intervals I C J C
R(K[) such that £(I) < £(J). Then I 2 J.

Proof. Follow the proof of Proposition [0.40] Assume first as in that proof that I
and J have the forms

I R+(a,b)(K[$])+L

J R’ + (e, d)(K[x]) + L.

Since I C J by assumption, we do not need to invoke the sufficiency of the
representation to get a translation sending I into J. Thus we have ¢ < a < b < d.
Since £(I) < £(J), at least one of ¢ < a and b < d holds. By symmetry we may
assume ¢ < a. Since I = J we have an isomorphism f : J — I as in the proof of
[0:40} we follow the proof from there.

Now, instead of invoking Lemma to get Ar <conv C, observe that since
£(C) >0, C it contains an interval of the form [,z + ¢](K,) for some £ > 0, and
hence convexly embeds some A; by Lemma Recall that C' embeds in every
non-empty final segment of Oy(1).

To get around the second use of Lemma [9.39] we argue as follows. Since the
orbital Oy(l) is bounded in R(K7,)) and has positive length, it has the form R +
(y,7)(Kz) + L byfor some y < z in R.

Choose ¢ > 0 sufficiently small so that x —e > y and [z —¢, 2] (K[4]) <conv Art2,
which is possible by the (symmetrized version of) Lcmma Since [z —¢, z](K[y))
contains a final segment of O(l), and all final segments of O(I) convexly embed
C and hence Ag, we have the chain

Ak gconv [:L' - 57x](K[x]) gconv Ak+23

111
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which implies that D is splitting, a contradiction. The cases when ¢(I) = 0 and
¢(J) = oo can be handled by similar adaptations of the proof of O

10. GENERALIZING ARONSZAJN’S REPRESENTATION THEOREM

In this section we use the results of Section [9] to deduce Aronszajn’s represen-
tation theorem from [I] for commuting pairs A+ B = B + A in LO, as well as
two generalizations. As with some of our other results, these generalizations are
one-sided versions of a previously established theorem.

This sidedness is reflected in differences in the proofs: whereas Aronszajn proved
his representation theorem using a natural automorphism of Z(A + B) induced by
the identity A + B = B + A, our results rely on the division systems yielded by
the one-sided Euclidean algorithms from Section [5| for dividing one of A and B by
the other. As discussed there, runs of such algorithms yield identities between the
infinite discrete products of A and B. However, they do not in general imply the
existence of the kind of automorphism used in Aronszajn’s proof.

Definition 10.1.

i. B left divides A if either wB <;nit A, or there is a left division system
{Ar =2 Ny Agy1 + Agy2 : k < M} of some length M < w such that Ay = A
and A; = B.

ii. B right divides A if either w*B <y, A, or there is a right division system
{Ar & Apyo + NpAgy1 0 k < M} of some length M < w such that Ag = A
and A; = B.

ili. B symmetrically divides A if either wB <init A and w*B <y A, or there
is a symmetric division system {Aj = NpAgy1 + Agq2 : k < M} of some
length M < w such that Ayg & A and A; & B.

In Definition [10.1] we say that B is a left divisor, right divisor, and symmetric
divisor of A, respectively.

As in Section [9] if G = (1,a;) is the group of translations of generated by
z+— x+1and z — x+ a1, we write Eg for the orbit equivalence relation of G
and Eé for the equivalence relation obtained from FE¢g by splitting [0]g,, into its
forward and backward orbits, switching conventions for these orbits when we view
G as (—1,—ay) (i.e., when working with right division systems) as in Section

Here are our one-sided generalizations of Aronszajn’s representation. In the
interest of generality, we state these theorems assuming the hypothesis of a one-
sided division system, but we have in mind the relations B + A <;n;t A + B and
B + A <jfin, A+ B (which imply the existence of corresponding one-sided division
systems) as the arithmetic hypotheses analogous to the hypothesis A+ B~ B+ A
in Aronszajn’s theorem.

Theorem 10.2. Suppose that B left divides A. One of the following holds:

i B+ A=A

ii. There are orders C and D and natural numbers n,m > 1 such that A = nC,
BEmC+D,and D+C=C.

iii. There are orders C' and D and natural numbers n,m > 1 such that A =
nC+ D, BZmC,and D+ C = (C.

iv. There is an irrational number a; € (0,1), a replacement R(K;) up to
the equivalence relation Eg from the group of translations G generated by
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z+— x4+ 1 and x — x + a1, and decompositions

Ky L+ R
Ko, L' +R

111

such that
A = R+(0, 1)(K[x]) +L
B = R+(0,a1)(Kp)) + L.

Proof. f wB <init A, then B+ A= A ie. (i.) holds. Otherwise, we have the left
division system {Ay, : k < M}.

If M < w, then by back substitution from the last isomorphism in the system
(see the discussion in Section [5.3)), either (ii.) or (iii.) holds, depending on the
parity of M, with C = Ay and D = Apr4q (which is possibly empty).

Finally, if M = w, then (iv.) holds by Theorem O

Theorem 10.3. Suppose that B right divides A. One of the following holds:
i. A+ B=A.

ii. There are orders C and D and natural numbers n, m > 1 such that A = nC,
B2 D+4+mC,and C+ D =C.

iii. There are orders C' and D and natural numbers n,m > 1 such that A =
D+nC,B=mC,and C+ D =C.

iv. There is an irrational number a; € (0,1), a replacement R(K,) up to
the equivalence relation E(i; from the group of translations G generated by
r— x+1and z — x — a1, and decompositions

Ky =2 L+R
K., = L+F
such that
A = R+ (-1,0)(Kp)+L
B = R+ (-a1,0)(Ky) + L.
Proof. Symmetric. O

We conclude with a proof Aronszajn’s representation theorem, stated below in
a slightly reformulated way to fit the language of this paper. The proof here differs
from the original: in particular, it cases out on whether the division system in
question is splitting or non-splitting, so as to leverage the rigidity theorems from
Section

Theorem 10.4. Suppose that B symmetrically divides A. One of the following
holds:
i. A+ BB+ A=A.
ii. There is an order C' and natural numbers n,m > 1 such that A = nC and
B=mC.
iii. There is an irrational number a; € (0, 1), a replacement R(K1,]) up to the
orbit equivalence relation Eg of the group of translations G generated by
r+— x+1and z — x4+ a;, and a decomposition

Ky L+ R
Ko, L+R

1111

such that
R+

R+

0,1)(Ky) + L
0, al)(K[m]) + L.

111

—~



THE ADDITIVE ARITHMETIC OF LINEAR ORDERS 7

Proof. If wB <jnit A and w*B <copy A then B+ A= A+ B = A, ie. (i.) holds.
Otherwise, we have the symmetric division system {A : k < M}.

If M < w we may assume the system terminates in a divisor. Then by back
substitution, we have (ii.) with C' = Ay,.

So suppose M = w. Consider first the case when the system is splitting. Then
by Proposition [6.9] we have A = B. Thus

A+B2B+A~A+AX~A,

so we again have (i.).
Now suppose the system is non-splitting. Then we have (iii.) by Theorem
9.24! O

The resemblance between conditions (i.) and (ii.) in Theorem and the
corresponding conditions in Tarski’s Conjecture indicates a real connection.
Indeed, we will show in Section [L1] below that A + B = B + A holds if and only if
one of A and B symmetrically divides the other.

Thus Tarski’s Conjecture amounts to the assertion: one of A and B symmet-
rically divides the other if and only if (the symmetrized version of) condition (i.)
holds, or (ii.) holds. But there is a third possibility, namely condition (iii.), and
there exist examples of pairs satisfying condition (iii.) but neither (i.) nor (ii.), as
Lindenbaum showed; see Aronszajn’s discussion in [1J.

11. TARSKI'S CONJECTURE

In this section we prove the revised version [I.6] of Tarski’s Conjecture [I.5, which
gives an arithmetic characterization of the additively commuting pairs A, B € LO
(Theorem below). That is to say, this characterization is written in terms of
(infinite) discrete sums of the orders A and B, and not in terms of replacements of
R like the representation theorems from Section In the companion paper [4],
we show that this characterization holds in an arbitrary ordinal algebra.

We also prove the closely related “symmetrized” characterization stated first as
Theorem (Theorem. Finally, we justify the discussion at the end of Section
by observing that A+ B = B+ A if and only if one of A, B symmetrically divides
the other. All of the proofs follow quickly from our previous work.

Theorem 11.1. A+ B = B+ A if and only if one of the following conditions holds:

i wA <init wB and w*A g4 W*B;
ii. wB <init wA and wW*B i whA.

Proof. 1f either (i.) or (ii.) holds, then A+ B = B + A by Corollary [7.8](iii.).

Conversely, suppose A+B = B+ A. Let (I; p, 7) be a symmetric setup witnessing
the isomorphism, and run the Euclidean algorithm on this setup. Assume first that
A is the dividend and B the divisor for this setup.

If the algorithm terminates at Stage 0 in an absorbed factor, then B + A =
A+ B = A This gives wB <init A and w*B <y, A, which certainly implies
wB <init wA and w*B < w* A, ie. (ii.) holds. Otherwise the algorithm yields a
symmetric division system {A} of some length M < w.

If M < w, then we have wA 2 wB and w*A = w*B by the discussion in Section
[5.5] which also implies (ii.).
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If M = w, then the system {Ax} is non-terminating. If it is splitting, we have
A = B by Proposition which implies (ii.). If it is non-splitting, then we have
wA =2 wB and w*A = w*B by Proposition which again gives (ii.).

Thus in all cases we have (ii.). If instead B is the dividend and A the divisor of
the setup, then in all cases we have (i.). O

Theorem 11.2. A+ B = B+ A if and only if one of the following conditions holds:
i. A+ BB+ A=A
ii. A+ BB+ A~B,
iii. wA 2 wB and w*A = w*B.

Proof. The proof Theorem shows in fact that if A+ B = B + A, then one of
(i.), (ii.), or (iii.) holds.

Conversely, (i.) and (ii.) immediately imply A+ B = B+ A. If (iii.) holds, then
A+ B = B+ A follows from Corollary [7.8}(iii.). O

Theorem 11.3. A+ B = B + A if and only if one of A and B symmetrically
divides the other.

Proof. The proof of Theorem [I1.1]shows that if A4+ B = B+ A, then either A+ B =
B+ A= A (in which case B symmetrically divides A), or B+ A~ A+ B = B (so
A symmetrically divides B), or there is a symmetric division system with initial
terms A and B (in which case one of A and B symmetrically divides the other).
Conversely, suppose that B symmetrically divides A. Then either A + B =
B+ A = A, or there is a symmetric division system with initial terms Ag = A
and A; = B. In this second case, again by the proof of Theorem [11.1] we have
A+ B = B+ A. And likewise, if instead A symmetrically divides B. (]

12. CONTINUATION AND VALUATION

In this section we introduce and study several notions of archimedean dominance
in (LO,+), as well as the corresponding notions of archimedean equivalence. Like
the notions of divisibility considered in previous sections, these notions come in both
one-sided and symmetric versions. We then investigate the relationship between
these notions and commutativity in (LO,+), and show that symmetric notion of
archimedean equivalence induces a global valuation on (LO,+) akin to valuations
of ordered groups and ordered fields in terms of their archimedean classes.

This valuation structure is reflected in our classification of the commutative
semigroups representable in (LO, +) in Section It can be viewed as an abstract
generalization of McCleary’s structure theory for group actions G ~ X by lattice-
ordered groups G on linear orders X from [7].

12.1. Archimedean orderings on LO.

Definition 12.1. Define binary relations Sinit, Sfin, and Scone 00 LO as follows:
i. A Sinit Bif wA <init wB.
ii. A Sfin Bif wA <yip w*B.
iii. A Sconw B if ZA <conw ZB.
Also define a binary relation < on LO by the rule:
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Observe that each of the relations Sinit, Stin, and Scone is transitive on LO.
Hence g is also transitive on LO.

In this notation, Theorem [11.1| says exactly that A+ B = B + A if and only if
either A S B or B 5 A.
Definition 12.2. If g: X — Y and f : X’ — Y’ are embeddings, the concatenation
of g and f is the embedding g+ f : X + X' = Y + Y’ satisfying (¢+ f) [ X =g
and (g+ f) 1 X' = f.

Observe that if g is a final embedding and f is an initial embedding, then g + f
is a convex embedding.

Suppose A <;,;+ B as witnessed by an initial embedding f : wA — wB, and

A Sfin B as witnessed by a final embedding ¢ : w*A — w*B. Then g+ f witnesses
A Sconv B. Thus A $ B implies A Sconw B. The converse is false in general.

Definition 12.3. Identify ZA with w*A 4+ wA and ZB with w*B + wB. Define
ZA gcent 7B

if there is a convex embedding F : ZA — ZB such that F' = g + f for some final
embedding ¢ : w*A — w*B and initial embedding f : wA — wB.
We call F' a centered conver embedding of ZA into ZB.

Analogously, we write ZA = .,; ZB if there is a centered isomorphism of ZA
and ZB, i.e. an isomorphism F : ZA — ZB that can be decomposed as the
concatenation g 4+ f of isomorphisms ¢ : w*A — w*B and f: wA — wB.

Proposition 12.4. A $ B if and only if ZA <cent ZB.
Proof. Immediate from Definition and the preceding discussion. O

The following proposition illustrates a sense in which the relations <, may be
viewed as notions of archimedean dominance on LO.

Proposition 12.5. For x € {init, fin,conv}, if A <, B then for every n € w,
there exists m € w such that nA <, mB.

Proof. Clear. (]

We will use the lemma below to refine the notions <;,;: and Sysp, in the following
Proposition
Lemma 12.6. Suppose that A and B are splitting.
i. If A <;pnit B and B <;nit A, then wA = wB.
ii. If A <gin B and B <y, A, then w*A = w*B.
iii. If A <conw B and B <eonw A, then ZA = Z.B.
Proof. For (i.): Since A <;n;+ B and A is splitting we have 24 <;,;x B, and so
B =2A+ X for some X. Hence 2B =2 2A+ X + 2A + X, and since B is splitting,
B~2A+ X +2A+ X.
Of course A <jnit A+ X + A and A <55, A+ X + A. On the other hand, since
BX2A+ X 42A+ X2 A+ (A+X+A)+A+X
we have A+ X + A <conv B. Thus
A + X + A <conv B <init A7
which gives A+ X + A <conv A. By we deduce A= A+ X + A.
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Now observe

wB B+B+B+--
QA+ X +24+ X + -+
A+ (A+ X+ A)+(A+X+A)+ -

wA,

as claimed. The proof for (ii.) is symmetric.
For (iii.): a similar argument works. We have A <.onv B and hence 24 < ony B,
which gives B =2 X +2A + Y for some X,Y. Thus

X+A+A+Y+ X+ A+A+Y =22B= B <com 4,
which, reasoning as above, gives A =2 A+ Y + X + A. Now notice
ZB=Z(A+Y + X + A),

1R 1R 1R

and we are done. O
The relations Sinir and Sy, admit the following refinements.

Proposition 12.7. The following equivalences hold:
i. A <;ni Bifand only if WA <t B or wA = wB;
ii. A Sfin B if and only if w*A <y, B or w*A = w*B.

Proof. For (i.): The backward direction is clear. So suppose A <;,;+ B, and in wB
fix a cut sequence
bo <by <by<...
witnessing the decomposition
wB=B+B+B+-

i.e., so that by is the left endcut of wB and b; is the cut at the ith + sign for ¢ > 1.
Also in wB, fix a cut sequence

bo=ap<a; <as <...

witnessing wA <;nit wB.

If a; < by for all i € w, then the cut sequence above witnesses wA <jn;¢ B. If
instead the sequence a; converges to the right endcut of wB, then the sequence
witnesses wA = wB.

Otherwise, there is an integer NV > 1 such that the right endcut c of the sequence
a; satisfies by < ¢ < byy1. Let M > 1 be least such that by < ap;. Then
since [bg,bn] & NB, [bo,bn+1] & (N 4+ 1)B, and [ag,an] = M A, the sequence a;
witnesses

NB <init MA <init WA <inie (N +1)B.
By Corollary WA <init (N+1)B implies wA <cony B. Since B <conv NB <conw
MA, we have wA <cony MA. Again by [I.8] this yields wA <cony 4, and in
particular 24 <cony A. Thus A is splitting.

We claim B is also splitting. Let Q = [¢, by 1] be the final segment of [by, by 1]
above wA. Then we have

(N +1)B = [bo, by 1] = [bo, c] + [c,bn11] ZwA+ Q.

On the other hand, since the tail segment [ayz, ¢] of wA is also isomorphic to wA,
we have
lanr, by 1] = [anr, o] + [¢,bny1] FwA+Q = (N +1)B.
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Since [anr, by41] s final in [by, byy1] = B, it follows (N +1)B <, B. As N > 1,
we deduce B is splitting from [4.18] as claimed.

Now NB Smit MA gim-t (N + ].)B yields B <init A <init B, SO (1) follows by
Lemma and the argument for (ii.) is symmetric. (]

Since X +Y 2 Y if and only if wX <;piz Y, and Y + X 2 Y if and only if
w*X <fin Y, Proposition can be reformulated as follows.

Corollary 12.8. The following equivalences hold:

i. A<;pu Bifand only if A+ B B or wA = wB,;
ii. A Sfin Bifand only if B4+ A= B or w*A=w*B.

We also get analogs of Proposition and Corollary for $ by extending
the notion of centered convex embedding.

Definition 12.9. Identify ZA with w*A 4+ wA and 2B with B + B. Define
ZA <cent 2B

if there is a convex embedding F' : ZA — 2B such that FF = g + f for some final
embedding g : w*A — B and initial embedding f : wA — B.
We call F' a centered convexr embedding of ZA into 2B.

Proposition 12.10. The following are equivalent:
i. AS B;
il. ZA <cent 2B, or ZA =, 1B;
iii. A+ BB+ A% B, or wAXwB and w*A 2 w*B.

Proof. Assume (i.). Then A <t B, and so wA <;nit B or wA = wB by Proposi-
tion Also A Syin B, and so either w*A <j;, B or w*A = w*B.

If WA <init B as witnessed by f and w*A <y, B as witnessed by g, then g + f
witnesses ZA <cent 2B.

If wA = wB as witnessed by f and w*A = w*B as witnessed by ¢, then g + f
witnesses ZA =,.: Z.B.

Suppose wA <ini B and w*A = w*B. The latter implies B <f;, mA for some
m > 1. Then

WA init B <pin mA

which yields wA <cony mA, and hence wA <cony A by Hence A is splitting.

Since wA <jnit B we have A <;niy B. On the other hand, B <fy, mA = A.
Thus A = B by which implies ZA 2,.,,; ZB.

Symmetrically, if wA =2 wB and w*A <y, B, then ZA =..,,; ZB.

Thus in all cases, either ZA <cent 2B or ZA =..,; ZB holds, which concludes
the proof that (i.). implies (ii.).

The proofs the (ii.) implies (iii.) and (iii.) implies (i.) are straightforward. O

We define the equivalence relations corresponding to the orderings <, and <.
Definition 12.11. For x € {init, fin, conv}, define
A~, Bif A<, Band B <, A.

Also define
A~Bif AL Band B3 A
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Notice that A ~ B if and only if A ~;p;+ B and A ~y;, B: both assertions are
equivalent to the conjunction

(WA <init wB) A (W' A <pin w*B) A (WB <init wA) A (W*B i w*A).

The relations ~, and =~ are equivalence relations on LO. The following propo-
sitions illustrates a sense in which they may be viewed as notions of archimedean
equivalence.

Proposition 12.12. For x € {init, fin,conv}, if A ~, B then the following con-
ditions hold:

i. For every n € w, there is m € w such that nA <, mB;
ii. For every m’ € w, there is n’ € w such that m'B <, n/A.

Proof. Follows from Proposition [12.5 O

Proposition [12.12] immediately yields the following.

Proposition 12.13. Suppose A ~, B for some * € {init, fin,conv} or A ~ B.
Then A is splitting if and only if B is splitting.

Proof. By Proposition A and B satisfy the hypotheses of Lemma [£.24 O

The relations ~, and ~ may be cleanly characterized arithmetically in terms of
isomorphisms between infinite discrete products.

Proposition 12.14. The following equivalences hold:

i. A ~;pit B if and only if wA & wB;
ii. A~y Bif and only if w*A =2 w*B;
iii. A ~cony B if and only if ZA = ZB,;
iv. A= B if and only if ZA = ..,+ ZB.

Proof. The backward implications are immediate from the definitions, so we prove
the forward ones.

For (i.): By Proposition A ~ini B implies wA = wB, or wA <;n;: B and
wB <init A. In the first case we are done immediately.

In the second case, since

WA init B <init wB <init A,

we have that A, and symmetrically B, is splitting. Since clearly A <;nit B <init 4,
we have wA = wB in this case as well, by Lemma [12.6

The argument for (ii.) is symmetric, and (iv.) follows from (i.) and (ii.).

For (iii.): Fix a convex embedding f witnessing ZA <cony ZB. If f is an
isomorphism, then we are done. Otherwise the image of ZA is bounded on at least
one side in ZB. Since the cut at this bounded side falls in some copy of B, it follows
that either wA <conw B or w*A <conw B.

Since ZB <conv ZA, we have that B <conpy mA for some m > 1. Combining
with the above, we conclude wA is convexly embeddable in some finite multiple of
A, and hence A is splitting. Hence B < ony mA = A.

Symmetrically, B is splitting and A <conoe B.- Now we get ZA = ZB from
Lemma [12.6] (iii.). O
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For » € {init, fin,conv}, define the strict relations 3, by
A« Bif AS, Band A #, B.
Likewise, A 3 B means A 5 B and A % B.

Proposition 12.15. The following equivalences hold:
i. A Sinit B if and only if wA <ini B and wA 2 wB;
ii. A Zrim Bif and only if w*A <ji, B and w*A 2 w*B;
iii. Ag B ifand only if ZA <cent 2B and ZA ¥ ZB.

Proof. Immediate from Propositions [12.7] and [I2.14] O

We can also arithmetically characterize the situation when both of the conditions
from Proposition implying A <, B hold at once.

Proposition 12.16. The following equivalences hold:
i. wA <init B and wA = wB if and only if A and B are splitting and A <;n4¢
B <init A
ii. w*A <fi, B and w*A = w*B if and only if A and B are splitting and
A gfin B gfin A.
iii. ZA <cent 2B and ZA = ., ZB if and only if A and B are splitting and
A~B.

Proof. For (i.): The forward direction is similar to previous arguments. For the
backward direction, by Lemma it remains only to check that wA <;nis B.
Label A = [¢,d] by its endcuts. Since A is splitting we may iteratively pick a cut
sequence witnessing the following sequence of decompositions:

A =2 A+ A
= A+ (A+4)
> A4+ (A+(A+A4))
i.e. a sequence a; < ag < ... corresponding to the cuts at the + signs in the

above expression. Letting a denote the cut at the right of this sequence, we have
[c,a] 2 wA. Hence wA <init A. Since A <;nir B, we are done.

A symmetric argument gives (ii.). And (iii.) follows from (i.) and (ii.) once we
observe that A <;nix B (from (i.)) and B <y, A (from (ii.)) imply A = B. O

Proposition below implies that for x € {init, fin}, classes of ~,-equivalent
orders are closed under sums.

Proposition 12.17.

i. f wA > wB, then wA ¥ w(A+ B) 2 w(B+ A) 2 wBh;

il. If w*A > w*B, then w*A X w*(B+ A) 2 w*(A+ B) 2 w*B.
Proof. For (i.): Label wA = [ag, ¢] by its endcuts. Choose a cut a; > ag such that
[ap,a1] = A and [a1,¢] 2 wA. Since wA = wB, we may then choose a cut by > ay
such that [a1,b1] = B and [by,c] = wB; then a cut ay > by such that [by,as] =2 A
and [ag, c] 2 wA; and so on. Continuing in this way we obtain a cut sequence

ag < a1 <by<as<by<...

witnessing w(A + B) <init wA. If the sequence converges to ¢, then it witnesses
w(A+ B) 2 wA and we are done.
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Otherwise, there is a tail of the sequence that witnesses w(A+ B) <conv A. Since
A <conv A+ B we get w(A+ B) <conv A+ B and deduce A + B is splitting.

We claim in this case that A is also splitting. We first check that A <;n;: B+ A.
Indeed, B + A is initial in wA by Corollary and since A is also initial in wA,
one of A <;nit B+ A and B+ A <;nit A holds. In the first case we are done and in
the second case, since A <y;p, B+ A we must have B+ A = A; hence B+ A <jpit A
in this case as well.

Since A is initial in B+ A, we have 24 <;nit A+ (B + A) <init 2(A+ B). Hence
2A <init 2(A+B). On the other hand, w(A+ B) <cony A implies 2(A+B) <conw A.
Thus A and A + B satisfy the hypotheses of Lemma[4:24] so that A is splitting as
claimed.

Clearly A <init A+ B. Since w(A + B) is strictly initial in wA, we have w(A +
B) <init mA = A for some m. Thus Proposition applies, and we get wA =
w(A + B), as desired.

Proving wB = w(B + A) is symmetric, which concludes (i.).

The proof for (ii.) is symmetric. O

12.2. Continuation theorems. In this section we consider bounded versions of
the archimedean relations <, and ~,. We will show that for the equivalence rela-
tions at least, the bounded versions are equivalent to their unbounded counterparts.

It will follow that the converse to Proposition holds, i.e. that ~, and =~
may be characterized as notions of archimedean equivalence.

We will also show that for x € {init, fin} the converse to Proposition m
holds, i.e., that the relations <, can be characterized as notions of archimedean
dominance.

Definition 12.18. For x € {init, fin} define:

i. A <’ B if there exists a natural number m such that 24 <, mB;
ii. A~Y Bif A< Band B <P A

The exponent b stands for bounded, in reference to the bound (of 2) on the
coefficient of the embedded order A in the definition.

We also introduce bounded versions of <cony and ~onq,. To get our proofs below
to go through, the coefficient of the embedded order for these relations changes from
2 to 3.

Definition 12.19. Define:

i. A<t B if there is a natural number m such that 34 <cony mB.

~~YCconv
. b : b b
. A~2, Bif A S, Band B2, A

While the bounded relations <% are not equivalent to their unbounded analogs,
we will show below that the corresponding equivalence relations ~% are equivalent
to the unbounded versions.

Finally, we define the bounded versions of $ and ~.

Definition 12.20. Define:
i. AS*BifA<E,, Band AZSY, B.

~init ~fin

ii. Ax' Bif AP Band B 5P A

The following results are the main results of this section. Theorem [12:22] below
says that the bounded notions of archimedean equivalence introduced above are
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equivalent to the corresponding unbounded notions. To prove it, we will need the
following lemma.

Lemma 12.21. (Continuation lemma):

i. Suppose that D = {Ay : k € w} is a non-terminating and non-splitting left
division system, and for some m € w one of the following relations holds:

Ao+ A1+ Ay <int A1+ Ao+ A
Al + AO + Am <init AO + Al + Am

Then the corresponding real representation ZAg = R(K[) is sufficient.

ii. Suppose that D = {Ay : k € w} is a non-terminating and non-splitting
right division system, and for some m € w one of the following relations
holds:

Am+A1+AO Sfm Am+AO+A1
Ap + Ao+ A1 <pin Ap + A1 + Ao

Then the corresponding real representation ZAg = R(K(,)) is sufficient.

Before proving the lemma, let us motivate it by observing that the hypothesis

is enough in many cases to guarantee that wA = wB. But not in all cases: if we fix a

left division setup witnessing the hypothesis and run the Euclidean algorithm, then

if the resulting division system is non-terminating and non-splitting, sufficiency of

the corresponding real representation is in general necessary to conclude wA = wB.
The hypothesis in Lemma (1) may be read as

A+B+e<pit B+A+cor B+A+e<;pit A+B+e¢

where Ay = A, A; = B, and ¢ is a small but non-negligible initial segment in A. In
the case when the resulting division system is non-splitting and non-terminating,
under this hypothesis the lemma guarantees that the corresponding real represen-

tation is sufficient. Hence in particular we have wA = wB by Proposition [9.21] We
will need this fact to show A ~? ., B implies A ~;,;; B in Theorem [12.22 below.

init
Here is the proof of Lemma [12.21

Proof. For (i.): Let Ag = A, A; = B, and A,, = C. Suppose we have the second
of the two relations in the hypothesis:

The proof when the first relation holds is similar.
By the representation theorem there is an irrational a; € (0,1) such that
we have the following real representations:

R(K)
R+ (0,1)(Kpy) + L
R+ (0, al)(K[x]) + L,

where Ko = L+ R and K,, 2 L' + R. Our goal is to show that the representation
R(K,)) is sufficient, i.e. that Ko = K, , i.e. that L + R~ L'+ R.

By the discussion following Proposition there are final segments M and M’
of B+ A and A + B respectively, such that

B+ A Sicw Nidip1 + M
A+ B Yicw Nidip1 + M.

ZA
A
B

11 1R

[l
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We claim that M = L and M’ = L/, i.e. that M and M’ are the final ~p-classes
in B+ A and A + B respectively. We first prove M = L.

Label B+ A = [¢,d] by its endcuts, and let m be the cut at the + sign preceding
M in the above expression for B + A, so that ¢ < m < d and

Yicw Nidit
M.

[c,m]

[m, d]

1R

Let d’ < d denote the cut at the left of the rightmost ~p-class in B + A. More
precisely, if there is a non-empty rightmost ~p-class in B + A, let d’ denote its left
endcut, and if there is no such class let d’ = d.

We prove d’ = m. Suppose first d’ < m. It follows from the decomposition above
that every final segment of B + A strictly containing [m,d] contains a tail-sum of
the form .., N;A; 41 for some large enough k; in particular [d’, d] contains such
a segment. By the discussion after Proposition such a tail-sum is isomorphic
to either Ay + Agy1 or Agy1 + Ag, depending on the parity of k. Let us suppose
the former; the argument in the second case is similar.

Writing Ay, as N Agy1+ Ag1o, from the fact that Ay 3 is final in Ag4 it follows
we may find points z < y in [d’, d] containing a convex copy of Aj,3, contradicting
that o ~p y. Hence d’ > m.

If d > m, then [m,d] contains a pair of points z < y such that z »p y. Hence
Ak <conv [, Y] Sconv [M,d] for some k. Since M is a final segment of every tail-
sum ) ... N;jA; 1, there are arbitrarily large n such that [m,d] <pin A, + Api1.
In particular we may find n > k + 3 such that [m, d] <fpin Ap + Apyq. Writing
Ay =2 NiAgi1 + Agio, we have the chain

Ak—i—l + Ak+2 gcom} NkAk+1 + Ak+2 = Ak <conv [ma d] gfin An + An+1~

Thus Ak+1 + Ak+2 <conv An + An+l; which yleldS Alc+1 gconv An gconv Ak+3 or
Ak+2 gconv An+1 <co7w Ak+4- Since 2Ak+3 gconv Ak:+1 and 2Ak+4 gconv Ak+2 by
Lemma [6.5] we deduce that either Ay s or Aji4 is splitting, a contradiction, since
D is non-splitting. Hence m = d’ as claimed.

We now prove M = L. Identify A with its representation R + (0,1)(Ky) + L,
and fix a final embedding f : A — B + A. Since L is the final ~p-class in A and
~p-classes are invariant under convex embeddings, f must map L onto the final
~p-class in B + A. Thus f[L] = M. More precisely, one of B + A and A has a
non-empty final ~p-class if and only if the other does, hence L is non-empty if and
only if M is non-empty, in which case f[L] = M. Thus M = L, as claimed.

A symmetric argument for A + B shows L' = M.

Now, as C = A, there is an irrational a,, € (0,a1) such that we have the real
representation

C=2R+ (O,Gm)(K[x]) + Lo,
where either Ly = L or Ly = L’ depending on the parity of m, and K,, = Lo+ R.
We obtain the following expressions for B+ A+ C and A+ B+ C:
B+A+C = 3 NiAi1+ L+ R+(0,a,)(K}y) + Lo
A+B+C = 3 NAi1+ L'+ R+ (0,am)(K)) + Lo
By assumption we have B+ A+ C <;nit A+ B+ C. We will use an embedding

witnessing this relation to show L + R = L’ + R. The argument for the alternate
case when A + B 4+ C <nit B+ A+ C' is essentially symmetric.

(12.1)
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Label B+ A+ C = [z,y] and A+ B+ C = [2/,y] by their endcuts. Fix cuts
p < qin B+ A+ C corresponding to the cuts at the + signs to the left of L and
right of R in the above expression so that [x,p] = >, N;A;y1, [p,q) = L+ R,
and [q,y] = (0, am)(K[4)) + Lo. Fix corresponding cuts p’ < ¢’ in A+ B 4 C, and
let f: B+ A+ C — A+ B+ C be an initial embedding.
We claim f(p) = p/. Since [z,p] = [2/,p/] = Y, Nidit1, if f(p) < p' then
f 1 [x,p] is a strict initial embedding of >, N;A;;1 into itself. And if f(p) > p/
then f=! | [2/,p] is such an embedding. Thus to show f(p) = p’ it suffices to show
no such embedding exists. We give a length invariance argument that makes use of
Proposition [9.46]
Since
ZNiAi+1 + L' =A+B Sinit 24 <eonv LA = R(K[m])v
1EW
we have that ) ;. N;A;; is (isomorphic to) an interval in R(KJ,)). Since this
interval contains convex copies of the orders Ay, its length in R(K7,) must be
strictly positive. Thus by Proposition [9.36] we have

S NiAipr + L' = M+ (a,b)(Kpp) + N

€W
for some a < b in R, M final in K,, and N initial in K;. (In fact, it is not hard
to show this isomorphism holds with a = 0 and b = 1+ a;.) Since L' and N both
label the final ~p-class in A + B, these segments must coincide, so that

D Nidigr = M+ (a,b)(Kp)-
S
Since M + (a,b)(K];)) has no final ~p-class, any strict initial segment I of this
order must be contained in M + (a,b")(K|;)) for some b < b, and hence £(I) <
V' —a<b—a=L0(M+(a,b)(K[)). By Proposition since D is non-splitting,
there is no isomorphism from » 3, N;A; 11 = M +(a, b)(K[5)) onto such a strict initial
segment, as claimed. (It is exactly here we need the generality of Proposition
since we have not yet established the sufficiency of the representation R(K{,)).) By
the above discussion, we have f(p) =p'.
Thus the restriction f | [p,y] witnesses

We next claim that f(¢) = ¢/, which implies f[L+R] = f[[p,q]] = [¢'.¢'] = L'+R.
It suffices to check that L + R and L’ + R are the initial ~p-classes in these orders.

Let ¢* denote the right endcut of the initial ~p-class in L+R+(0, ap, ) (K[5))+Lo.
More precisely, if there is no initial ~p-class let ¢* = p, otherwise let ¢* denote the
right endcut of this class, which is then equal to [p, ¢*].

We claim ¢* = ¢. If ¢ < ¢*, then [p,¢*] contains an interval of the form
(0,a)(K[z)), for some a < a,,. By Lemma @L such an interval convexly embeds
Ay, for some k, contradicting that [p, ¢*] is a ~p-class. If ¢ > ¢*, then [p,q] 2 L+ R
convexly embeds some Ay, a contradiction, since L + R = K, which is a ~p-class
in R(K7,)) and thus convexly embeds no Ay. Hence ¢ = ¢* as claimed.

It follows L + R is the initial ~p-class in L + R + (0, @) (K[z)) + Lo. A similar
argument shows L' + R is the initial ~p-class in L' + R + (0, ay ) (K[)) + Lo. It
follows f[L + R] = L'+ R, and so L + R = L' + R. Thus the real representation

7A = R(K[w])
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is sufficient, and we are done.
The proof for (ii.) is symmetric. O

With Lemma [I2:21] in hand, we may prove the equivalence of the bounded rela-
tions ~° and ~" with their unbounded counterparts.

Theorem 12.22. (Continuation):
i. For x € {init, fin,conv}, A ~% B if and only if A ~, B;
ii. A~® Bifand onlyif A~ B.

Before the proof, let us again give some motivating discussion. Taking * = init,
(i.) says that wA = wB if and only if there exist natural numbers n and m such
that 24 <;pi: mB and 2B <;n;+ nA. Thus not only is the converse to Proposition
12.12] true (see Proposition below), but to guarantee wA = wB it suffices to
check that two copies of A (instead of any n copies of A) can be extended rightward
to some m copies of B, and vice versa.

One might ask if this bounded condition could be optimized further while main-
taining equivalence with wA = wB. Replacing 2 with 1 leads to a strictly weaker
condition, that is, A <;n;t mB and B <;p;;: kA does not guarantee wA = wB in
general. Indeed, it is not hard to produce examples with A <;nit B <init 4 but
wA ¥ wB.

Suppose D = {A} is a left division system with {A, B} = {4y, A1}. The ex-
istence of such a system is implied by wA = wB by Corollary [7.8 In the other
direction, if the system is terminating, then we have that wA = wB. Even when the
system is non-terminating, then (as discussed also before Lemma [12.21)) if the cor-
responding representation is sufficient then the isomorphism still holds. However,
there are examples showing that if D is non-splitting and non-terminating and the
corresponding real representation R(K[,)) is insufficient, then it can happen that
wA ¥ wB.

The proof of the Theorem below shows that A ~? .. B implies the existence
of such a system, and in the non-terminating and non-splitting case, the 2 appearing
in the definition of ~? ., is enough (via Lemma to guarantee that the system
is sufficient.

Proof. For (i.): Suppose x = init. It is easy to see that A ~;,;; B implies A ~! .. B

nit .
So suppose A ~t .. B. We must show A ~;,;; B, or equivalently by Proposition

that wA = wB.

Fix m > 1 such that 24 <;p;+ mB. Then 24 <;nit (M + 1)B as well; hence
we may assume m > 2. Then since both 24 <;p;; mB and 2B <;;; mB, either
2A gimt 2B or 2B <im-t 2A.

Symmetrically, if we fix n > 1 such that 2B <;,;+ nA, we may deduce that either
2B <jnit 24 or 2A <;nit 2B. Since the situation is symmetric in A and B, we may
assume 2B <;ni: 2A.

Then also B <;nit A by Proposition [£:22] Thus we have the chain:

(12.2) B <init A <init 24 <ingt mB Kinir wB.
From 2A <;nit wB we get B+ 2A <;nit B+ wB = wB. For consideration later,
we separate out the following relations:

B + 2A ginit WBv

(12.3) 24 <ina wB.
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Since B <;pit A, we have A+B <;pit A+A =2 2A. Then since B+A <;nit B+2A,
we deduce from [12.3
B+ A <ing wB,
A+ B <init wB.

Thus either B+ A <;nit A+ B, or vice versa. In either case, we may fix a left setup
witnessing the relation, and run the left Euclidean algorithm.

Suppose the algorithm terminates at Stage 0 in an absorbed factor. If the factor
is B, then wB <;nit A. Then since A is initial in mB, it follows (by a now routine
argument) that B is splitting and A is splitting, which yields A <init B <init A.
Then Proposition [I2.6] gives that wA = wB, and we are done. The argument is
similar if the absorbed factor is A.

If the algorithm terminates at a finite stage, then by the discussion in Section
we have wA = wB, and we are done.

If the algorithm is non-terminating but the resulting division system is splitting,
then A and B are splitting and A <;nst B <init A, so that again we have wA = wB,
and we are done.

Thus we may assume that the algorithm is non-terminating, and that the result-
ing left division system D = {A; = Ny A1 + Agi2} is non-splitting.

We have {Ag, A1} = {A, B}; we claim that in fact A4g = A and Ay = B. If
not, then 4g = B and A; = A. By Theorem there is an irrational number
a1 € (0,1) such that we have the following real representations for ZB = ZAy,
B= Ao, and A = All

ZB = R(Kpy)
B = R+ (0,1)(Ky)+L
A =2 RA4(0,a1)(K) + L.

Let I and J denote the intervals R+ (0,1)(K[;)) + L and R+ (0,a1)(K[5)) + L'
in R(K[) respectively. Since B <init A, there is an initial segment I’ of J such
that I’ 2 B. Then ¢(I') < 4(J) =a; < {(I)=1. Since B=I' 2 ] and I’ C I, this
contradicts Theorem Hence Ag = A and A; = B, as claimed.

Thus, instead, there is an irrational a; € (0, 1) such that we have the following
representations:

N
SV

(K[a))
+ (0, 1)(K[w]) + L
+(0,a1)(Kpyp) + L,

where Ko 2 L+ R and K,, 2 L' + R. Our goal is to show that the representation
R(K{,)) is sufficient, i.e. that Ko = K,,, i.e. that L + R= L'+ R.

Let C' = Aj. Then there is an irrational as € (0,a1) such that we have the real
representation

111 11

R
R
R

C=R+ (07a2)(K[w]) =+ La

where K,, 2 Ko = L + R.

Since A & NoB + C and C is initial in B, we have B + C <;n;+ A and hence
A+ B+ C <jnit 2A. Since C' is also initial in A, we have B+ A+ C <t B+ 2A.
Since both 24 and B + 2A are initial in wB by equation [12.3] both A+ B+ C and
B + A+ C are initial in wB. It follows that one of A+ B+ C and B+ A+ C'is
initial in the other.
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Hence A+ B+C and B+ A+ C satisfy the hypothesis of the continuation lemma
12.21](i.). It follows by that lemma that the real representation

ZA = R(Ky)

is sufficient. By Proposition [9.21] we have wAy = wA;, ie. wA = wB. Thus
A ~;nie B, as desired.

If x = fin, a symmetric argument yields A ~¢;, B.

The only remaining case for part (i.) of the theorem is when x = conv. Again,
it suffices to check that A ~% B implies A ~c¢ony B.

conv

Suppose A Nl;om) B, and fix m such that 34 <;ony, mB. Then also 24 <cony mB.
Let f:2A — mB be a convex embedding witnessing this relation.

Fix a cut sequence ag < a; < as in 2A witnessing its decomposition into two
copies of A, i.e. such that ag,as are the endcuts of 24 and [ag, a1] = [a1, ag] = A.
Likewise fix a cut sequence by < b1 < ... < by, in mB witnessing its decomposition
into m copies of B.

By removing any copies of B at the left of mB that are disjoint from the image
of f, we may assume that by < f(ag) < by. Let C = [bg, f(ao)] and D = [f(ao), b1].
Then we have

B 2 [bg, b1] = [bo, f(ao)] + [f(ao),b1] = C + D.

Thus

[f(a())vbm] [f((lo), bl} + [bla b2] R [bm—la an]

D+B+B+---+B
—_—

1R

— 1 times

D+(CID)+(C+D)+~-~+(C+D)
D+C)+(D+C)+---+(D+C)+D
(m—1)B"+ D,

1R 1R

where B’ =D + C.

Note that f is an initial embedding of 2A4 in [f(ag), by ], thus witnessing 24 ;i
(m—=1)B’+ D. Since (m — 1)B’ + D <;nit (m —1)B'+ D+ C = mB’, we have
2A <init mB’. Adding an extra copy of B’ at the right if necessary, we may assume
m > 2. Then 2B’ <;,:: mB’, and so either 2B’ <;pit 24 or 2A <;nit 2B’.

Suppose first that 2B’ <;nit 2A. Then B’ < A by and we have the chain

(12.4) B' <init A <init 24 <init mB' <init wB'.

It is from exactly this setup (see equation , with B instead of B’, that we
argued when x = ¢nit that, in all possible cases, we have wA = wB. Those same
arguments applied here thus yield wA = wB’.

In fact, the arguments yield ZA = ZB’: in the case when the corresponding
Euclidean algorithm is terminating, we get not only wA = wB’ but also ZA = ZB’
by the discussion in Section [5.3} when the algorithm is non-terminating and the
resulting division system is splitting we get ZA = ZB’ by Proposition [12.6] (iii.),
whose hypotheses are weaker than Proposition [12.6(i.) used to show wA = wB';
and when the algorithm is non-terminating and the system is non-splitting, we get
ZA = ZB' from Proposition by the sufficiency of the resulting real represen-
tation, established above.
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Now observe

B --++B+B+B+---
~+C+D)+(CH+D)+(C+D)+---
H+CO)+(D+C)+(D+C)+(D+---

ZB'.

1R 11

Hence ZA = ZB as well, which gives A ~ ., B by Proposition [12.14]
It remains to show A ~ oy, B in the case when 24 <;,;; 2B’. Fix a cut sequence
by < b} < by in 2B’ witnessing its decomposition into two copies of B’, likewise a
cut sequence ag < a1 < as in 2A. Also fix an initial embedding g : 24 — 2B’.
Observe that

C+2B+D=C+2(D+C)+D=C+D+C+D+C+D=3B.

Thus 2B’ <conv 3B, and by hypothesis there is n such that 3B <.on, nA. Hence
2B’ <conw nA, and it follows 2B’ <.ony wA.

Fix a cut sequence af < a} < ... witnessing the decomposition of wA into w
copies of A, as well as a convex embedding h : 2B’ — wA. Again, by discarding
some initial copies of A if need be, we may assume aj < h(bj) < af.

Let P = [a{, h(b)] and Q = [h(by), a}]. Thus

A= [a(]a a/l] = [aé]a h(b(])] + [h(bé))vall] =P + Q

Let A" = Q + P. We claim that wA =2 wA’, i.e. that w(P 4+ Q) & w(Q + P).
Before proving it, let us check that this claim suffices to finish the argument.

We have 24 <;ni+ 2B’ by hypothesis, and hence A <;,;; B’. The embedding h
witnesses

2B" init  [h(b)),di] + [a}, ab] + [ah, al] + - - -

Q+A+A+---
Q+P+Q)+(FP+Q)+ -
Q+P)+(Q+P)+--
wA’.

Thus if wA’ =2 wA, then we have the chain

1R 1R 1R

A init B <init 2B" <init wA

which is the setup from which we may prove ZA = ZB’ = ZB, as above. Thus
A ~conv B.

So we prove wA = wA’, ie. w(P+ Q) = w(Q + P). First note that if we view
h as an initial embedding of 2B’ into wA’ as above, then its composition hg with
the initial embedding g : 24 — 2B’ witnesses 24 <;pir wA', ie. 2(P + Q) <init
w(@+ P).

It follows P + Q <init w(Q + P). Since @ + P is also initial in w(Q + P), one
of P+ @ and @ + P is initial in the other. Either way, we may fix a left setup
witnessing the relation and run the Euclidean algorithm.

If the algorithm terminates at Stage 0 in an absorbed factor, then one of P+ =2
Q@ and @Q + P = P holds. In the first case we have

w(P+Q) P+Q+P+Q+---
Q+P+Q+P+---
w(@Q+P),

1R 1R
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where in passing from the first to second line we have absorbed the initial P into
the adjacent copy of @) at its right. Likewise, in the second case we also have
w(P+Q)2w(@+ P).

If the algorithm terminates at a finite stage, we have routinely that wP = w(@.
Then by Proposition we have w(P + Q) 2 w(Q + P).

If the algorithm is non-terminating and the resulting division system is splitting,
then routinely we have wP = w@, and hence again w(P + Q) 2 w(Q + P).

Finally, suppose the algorithm is non-terminating and the resulting left division
system D = {Ay} is non-splitting. Suppose P = Ay and @@ = A;; the argument is
similar in the reverse case. Then in particular Q <;nit P.

Since 2(P+ Q) <init w(Q+ P), we have P+ Q+ P <;pnit w(Q+ P). Since Q init
P, we have P+ Q+ Q <init P+ Q + P, and it follows P + Q + Q <init w(Q + P).
Since also (Q + P) 4+ Q <init w(Q + P), one of P+ Q + Q and @ + P + @ is initial
in the other.

Thus the hypothesis of Lemma [[2.21)(i.) is satisfied relative to P and Q. We
conclude that the resulting real representation of ZP is sufficient, and then by
that wP = wQ. Again by Proposition we have w(P + Q) 2 w(Q + P).

Thus in all cases we have wA 2 w(P + Q) =2 w(Q + P) 2 wA’. By the preceding
discussion, this finishes the argument showing A ~2 B implies A ~cony B, and
hence the proof of (i.) in the statement of the theorem.

For (ii.): By (i.), A ~° B implies both A ~;,;; B and A ~y;, B, and hence
A =~ B; the reverse implication is again clear. O

From Theorem [12.22| we can show that the converse to Proposition [12.12] holds.

Proposition 12.23. For x € {init, fin,conv}, suppose the following conditions
hold:

i. For every n € w, there is m € w such that nA <, mB;
ii. For every m’ € w, there is n’ € w such that m'B <, n'A.
Then A ~, B.

Proof. For a fixed * € {init, fin,conv}, (i.) and (ii.) in particular imply that there
are m and n’ such that 34 <, mB and 3B <, n’A. It follows that A <0 B <b A,
i.e. A~Y B. Hence A ~, B by Theorem [12.22] as claimed. (]

Proposition|12.25| below says that for x € {init, fin}, the converse to Proposition
[[25) holds. To prove it, we need the following continuation result due to Tarski.

Lemma 12.24. (Tarski; [9] 1.44])

i. Suppose that for all integers k > 1, kA <;nit B. Then wA <;pni: B;
ii. Suppose that for all integers k > 1, kA <4, B. Then w*A <4, B;

Proof. For (i.): If A is splitting, then wA <;nit A (see e.g. the proof to Proposition
12.16)). In this case, kA <;n;+ B implies wA <;ni: B already for k = 1.

So assume A is non-splitting. Label B = [¢,d] by its endcuts. We inductively
build a cut sequence

c=ap<ap <az <...

in B witnessing wA <;n;¢ B. At the first stage, since A <;u;; B there are cuts
¢ = ag < aj such that [ag,a;] = A.

Suppose that after the kth stage we have a cut sequence

c=ap<a;p <...<ag
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in B witnessing kA <;n;; B. Fix a cut sequence
o / I /
C—a0<a1 <... <ak <ak+1

witnessing (k + 1)A <init B. It must be that aj_, > ai. Otherwise, this sequence
witnesses (k + 1)A <;nit kA, which implies A is splitting by Theorem a
contradiction.

If aj, = ag, then letting ax41 = aj_; we have that the sequence

ag < ap <...<agp <ag41

extends the sequence ag < ... < ai and witnesses (k 4+ 1)A <t B.

The other possibilities are that ar < aj, and aj, < a,. Suppose first ar < aj,.
Since [¢, a},] = [c, ax] = kA, we may fix an isomorphism f : [¢,a}] — [c, ax]. Then f
is a compression of [c, a}] whose rightmost orbital Of(a},) is therefore a decreasing
w*-orbital with initial jump A, . Let C = A, ;, so that Oy(a)) =w*C.

We claim that f"(aj,) > ag—1 for all n € w. If not, then for some large enough
N we have fN¥(a}) < ap—1. But then fV | [c,a}] is an initial embedding of kA in
(k —1)A, contradicting that A is non-splitting.

Let [ be the left endcut of the orbital Of(a)). We have just shown [ > aj_;.
Observe [I,a;] = [, f(a})] = w*C so that w*C is final in [ax_1, ax]. It follows that

lak—1, ay] = [ak—1, ag] + [ak, a}) = [ap—1, a]) + C = [ap—1, a1] = A.
Thus the cut sequence
ap < ay <...<ap—1<ay <dap;,

witnesses (k + 1)A <;nit B and extends original sequence ag < ... < ai except at
ai. We relabel a?c as ag and let agx41 = aﬁHl and move onto the next stage.

The case when a), < aj is similar.

Since each cut aj stabilizes after stage k + 2 at the latest, the limit sequence
ap < ay < ...1is well-defined and witnesses wA <;,;+ B, as desired.

The proof for (ii.) is symmetric. O

Proposition 12.25. Fix x € {init, fin} and suppose that for every n € w, there
is m € w such that nA <, mB. Then A <, B.

Proof. Suppose x = init. Then since mB <;ni wB for all m € w, the hypothesis
implies that for every n € w we have nA <;n;; wB. By Lemma we have
wA ginit OJB, ie. A SJ* B.

The proof for x = fin is symmetric. O

Since initial and final embeddings are in particular convex embeddings, the con-
ditions A < . B and A <Y B are each stronger than A <° B. Hence

~Jinit ~fin ~Jconv

A~t . Band A Nlj’cm B each individually imply A ~%  ~ B. By Theorem [12.22
the unbounded equivalence relations A ~;n; B and A ~y¢;, B each individually

imply A ~conw B, which is not immediate from the definition of these relations.
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Thus the implications in the following diagram hold:

A ~conv B
A~ B A~fin B

‘\A%B/’

By Proposition [[2.14] the top two implications may be phrased arithmetically
as follows.

Theorem 12.26.
i. wA = wB implies ZA = 7B,
ii. w*A & w*B implies ZA =2 ZB.

As noted above, Theorem is exactly the statement that A =~ B is equivalent
to A+ B = B+ A. Collecting our work above, we conclude this section with the
following omnibus list of arithmetic equivalences to A+ B = B + A.

Theorem 12.27. The following are equivalent:
i. A+ BB+ A;
il. WA <init wB and W*A <y W*B, or wB Kinir wA and wW*B Lyip WA,
iii. A+B2B+A=2 A, or A+B=B+A>=B, orwA=wB and w*A = w*B;
iv. ZA <cent Z.B or ZB <cent ZA;
V. ZA <cont 2B, or ZB <cent 24, or ZA X0 7B;
vi. For every natural number n there is m such that nA <;n;: mB and nA <y
mDB, or for every n there is m such that nB <;nit mA and nB gy, mA.

Proof. (1.) < (ii.) is (i.) & (iii.) is (iv.) & (il.) is given by (i.)
< (v.) is given by [12.10; by Proposition [12.25] (vi.) is equivalent to the assertion
that A Sinie B and A Syipn B or vice versa, which is equivalent to (ii.). O

12.3. An archimedean valuation on LO. In preparation for our representability
results in Section [I4] in this section we consider the map

A [Al~

that associates to every A € LO its =~-class [A]x = {B € LO : B ~ A}. This
map may be viewed as a global valuation on LO analogous to the valuation on an
abelian orderable group G that associates to each g € G the set of group elements
h € G to which g is archimedean comparable. We will show that the values [B]x~
lying <-below a fixed value [A]x are linearly ordered by <.

A binary relation < on a class K is a quasi-order if it is reflexive and transitive.
Given a quasi-order < on K, the relation = on K defined by a = b if a < b and
b < a is an equivalence relation. We denote the =-class of a given a € K by [a]=,
or simply [a]. The relation induced by < on the set of equivalence classes K/=,
which we also denote by <, is a partial order on K/=.

A quasi-order < on K is a quasi-linear-order if < is total, i.e. if a <borb<a
for all a,b € K; equivalently, if < is a linear order on K/=.

A quasi-order < on K is a quasi-tree-order if for every a € K, {b€ K : b < a}
is quasi-linearly-ordered by <; equivalently, if {[b] € K/= : [b] < [a]} is linearly
ordered by <.
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Theorem 12.28. The relations Sipnit, Sfin, and S are quasi-tree-orders on LO.

Proof. Fix A € LO, and suppose B <;pit A and C <;pit A. Then wB <jnit wA and
wC Kinit wA. Tt follows that either wB <t wC or wC ipir wB, ie. B Sinie C
or C' <;ni¢ B. Since B and C were arbitrary, <;,;; is total below A. Since A was
arbitrary, <;n:: is a quasi-tree-order on LO, as claimed.

The proof for <y, is symmetric.

Now suppose B 5 A and C' 5 A. We want to show that one of B and C'is §
below the other.

Since B Sinit A and C S;pir A, one of B and C'is <4 below the other. Without
loss of generality, suppose C <;n;¢ B, so that wC <;pi;; wB.

Symmetrically, one of B and C is Sypip below the other. If C' Syin B then
C 5 B, and we are done.

So suppose B Sgin C. Then w*B <y w*C. By Proposition [12.7] either
w'B = w*C or w*B <fin C. The first case implies C Sy, B, which again gives
C < B.

So suppose w*B <y C. Since wC inge wB gives that C' embeds initially in
a finite multiple of B, it follows from w*B <y;, C that B is splitting. It follows
from these relations that B and C satisfy the hypotheses of Lemma [£:24] hence C
is splitting as well. Now it is clear that C' <;n;+ B and B <y, C. Hence B = C by
which gives C' g B, and we are again done.

It follows g is a quasi-tree-order on LO, as claimed. g

13. COLORINGS OF LINEAR ORDERS

In this section we define the concept of a colored linear order and introduce
some notation for handling such orders. Nearly all of the results in this paper
for uncolored linear orders hold for colored linear orders as well, and by the same
proofs, up to replacing every convex embedding by a colored one (see Definition
below). We will use a coloring in Section [14]to make a construction presented
there as transparent as possible. Afterwards, we describe how the coloring may be
dispensed with via a slightly more complicated construction.

Given a linear order X, a coloring of X is a function c such that dom(c) = X.
For each z € X, c(x) is the color of x. A colored linear order is a pair (X, c) such
that X is a linear order and c is a coloring of X. When c is understood, we write
X instead of (X, c) for a colored linear order. The class of colored linear orders is
denoted cLO.

Given a linear order X and a collection {(I,c;) : © € X} of colored linear
orders indexed by X, the colored replacement of X by the orders (I, c;) is the
replacement X (1) equipped with the coloring ¢ defined by c(x, i) = c,(4).

As with uncolored orders, we use summation notation for colored replacements
of discrete orders. In particular, if X = (X,c) and Y = (Y, d) are colored orders,
then X 4+ Y denotes the colored order (X + Y,e) where e is defined by the rule
e(z) =c(z)if z€e X and e(z) =d(z) if z€ Y.

Definition 13.1. A colored convex embedding between (X, c) and (Y, d) is a convex
embedding f: X — Y such that c(z) = d(f(z)) for all z € X.

We write (X, c) <conw (Y, d) if there exists a colored convex embedding between
X and VY.
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We emphasize that colored convex embeddings f : (X,c) — (Y,d) are required
to be color-preserving, not merely color-class preserving. That is, they satisfy

c(z) = d(f(z))

which is stronger than the condition

c(z) = c(2') & d(f(z)) = d(f(z)).

When X and Y are understood to carry colorings, we similarly copy the no-
tation X <inir Y, X <pin Y, and X =2 Y from the uncolored setting to mean
that there exists a colored initial embedding, colored final embedding, and colored
isomorphism from X to Y, respectively.

We will need the following rigidity result for the construction in Section [I4]below.
It says that if G is a group of translations of R and we color each point in R by its
orbit equivalence class under the action by G, then colored intervals I C R cannot
be compressed by colored convex self-embeddings of R.

Theorem 13.2. Fix a strict subgroup G C (R, +). Let G act on R by translations,
and let E denote the orbit equivalence relation of this action.

Define a coloring c of R by the rule c¢(z) = [x]g.. View R as equipped with this
coloring.

Suppose I C R is an interval and f : I — R is a colored convex-embedding.
Then f is the restriction to I of some translation in G. That is, there is ¢t € G such
that for all z € I, f(z) =z +1t.

Proof. Fix o € I and let ¢ = f(x9) — 9. Then t € G since f is a colored
convex embedding of I. Suppose there is x1 € I such that f(z1) — 21 # t. Let
t' = f(z1) — z1.

We assume that xo < z; and t < t’; the other cases are handled similarly. Let
g(x) = f(x) — x. Since f is continuous (as it is increasing and onto an interval),
g is continuous as well. Thus for every r € [t,t'] there is 2z € [xg,21] such that
g(z) = r. Since G is a strict subgroup of (R, +), its complement R \ G is dense in
R. In particular, there is 7o € [t,t'] such that rg € G. Fix zg € [z9, 1] such that
g(z0) = ro. Then f(z9) = 29 + ro and we have

c(z0) = [20]Be # [20 + rolEe = [f(20)]Ee = c(f(20)),

a contradiction, as f is color-preserving. O

14. REPRESENTING COMMUTATIVE SEMIGROUPS IN (LO, +)
In this section we characterize the commutative semigroups representable in

(LO,+); see Theorem [14.14] below.

14.1. Value semigroups.

Definition 14.1. A semigroup (5, ®) is representable in (LO, +) if there is a map
t: S — LO such that for all a,b € S:

i.) a # b implies ¢(a) % ¢(b),
ii.) t(a @ b) = (a) + (D).

The map ¢ is a representation of S in LO.
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The ordered sum + on LO naturally lifts to the class LO /=2 of linear order types,
by defining
Al + [Bl= = [4 + Bla.

Under this operation (LO/2, +) is a class semigroup.

It follows from Definition that if ¢« : S — LO is a representation, then the
induced map ¢ : S — LO/2 is a semigroup embedding.

A subclass K C LO is a class of order types if it is closed under isomorphism.

Definition 14.2. A class of order types K represents a semigroup (S, ®) if there
is a representation ¢ : S — K such that each X € K is isomorphic to ¢(s) for some
ses.

If « : § — K is a representation witnessing that K represents S, then the
induced map ¢ : S — K/ is bijective, and hence a semigroup isomorphism. Thus
K represents S if and only if (S, ®) and (K/=,+) are isomorphic.

The trivial semigroup is the semigroup on one element. Observe that a class K
represents the trivial semigroup if and only if K is the order type of a splitting linear
order, i.e. if there is A € LO such that A=A+ Aand K ={B € LO: B = A}.

Let Ryg = (Rs0,+) denote the additive semigroup of positive real numbers.

Definition 14.3. Suppose S is a subsemigroup of (Rsq, +).
i. S is strict if S # Rsy.
ii. Sis a halfgroup if —SU{0}US is a subgroup of (R, +), where —S = {—x:
x € S}

Thus S is a strict halfgroup if it is the (strictly) positive cone of a strict subgroup
of (R,+). More generally, a semigroup S is said to be a strict halfgroup if it is
isomorphic to a strict halfgroup S’ of Rq.

For A € LO, observe that the ~-class [A4]~ is a class of order types.

Lemma 14.4. [A]x is closed under +.
Proof. Given B,C € [A]xn, we have wA = wB = wC and w*A ¥ w*B = w*C by

2]

Proposition 12.14t Hence w(B + C) 2 wB 2 wA and w*(B+ C) 2 w*B 2 w*A by

Proposition [12.17] Thus B+ C ~ A, i.e. B+ C € [A]~. The lemma follows. O

Theorem 14.5. Fix A € LO.

i. If A is non-splitting, then [A]~ represents a strict halfgroup S C Rsg;
ii. If A is splitting, then [A]~ represents the trivial semigroup.

Proof. Suppose first that A is splitting. To prove (ii.) it suffices to check that
[A]x = [A]lx, i.e. B~ A if and only if B 2 A.

The backward direction is immediate, so suppose B ~ A. Then Proposition
[[2.14] gives that wA = wB and w*A = w*B. From these isomorphisms it follows
that any finite multiple nA of A is initial and final in some finite multiple mB of
B, and vice versa. Hence A and B satisfy the hypotheses of Lemma and so
B is splitting. Now we have that A is initial and final in some mB = B, and B is
initial and final in some nA = A. Hence A = B by which finishes the proof
for (ii.).

Now suppose A is non-splitting. There are two cases to consider. First, suppose
there is a non-terminating division system D = {Ay, : k € w} with A = Ag that is
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either symmetric or rational. Since A is non-splitting, D is non-splitting. We have
the associated representations:

Ky 2 L+R
A = RJr(O,l)(K[w])JrL.

These representations are sufficient, since D is either symmetric or rational.
Expanding, we have:

R(Kpp) = b Koa 4 (=1,0)(Kpap) + Ko + (0, 1) (Kpy) + Ky +
= "'+R+(—1,0)(K[I])+L+R+(0,1)(K[I])+L+"'
>~ 4 A4+ AHF---
=~ ZA.

Let ¢ denote the cut at the central + sign between in Ky = L + R.

By Propositions and for each automorphism f of R(K(,), the con-
densed automorphism f of R is a translation.

Let G={f:f¢€ Aut(R(K[,)} be the group of these translations. Viewing G as
a subgroup of (R,+), let S = {s € G : s > 0} be the corresponding halfgroup. By
Proposition G is a strict subgroup of (R, +), and hence S is a strict halfgroup.
We are going to show that [A]~ represents S.

Suppose s € S and f € Aut(R(K[,) is a representative of s, i.e. f =s. Let
By = [c, f(c)]. We have

Bf ~R + (O,S)(K[x]) + L

Where R’ is the final segment of K| after the cut ¢, and L’ is the initial segment
of K preceding f(c). Then R’ = R. Since f[Ky| = K, it follows L’ is the image
under f of the initial segment of K, preceding ¢, i.e. L' = f[L]. Thus L' = L, and
we have
By 2 R+ (0,5)(K[y) + L.
Note that the expression on the right depends only on s. Thus for any other
g € Aut(R(K[y) with g = f = s, we have
By = By =2 R4 (0,5)(K[5) + L.

Let d denote the cut at the right of R(K7,)). The final segment [c, d](K[y)) = wA
of R(K[,)) decomposes as

(¢, d](Ka)) e, f(©)] + [f(e), 2 ()] + -

wa.

1R

Symmetrically, we have w*By = w*A. Hence By = A.
Combining these observations shows that the rule

(14.1) s By~

that associates to each s € S, the isomorphism class [By]~ of any automorphism f
with f = s, is a well-defined map from S into the class [A]~ /2 of order types [B]x~
of orders B =~ A.

If f =5 < s = f, then {(By) = s < s’ = {(By). Hence By % By by
Proposition [9.40} Thus the map [T4.1]is injective.

To show it is surjective, fix B ~ A. Let F' : ZB — ZA be an embedding of
Z.B into ZA that is centered at ¢. Such an embedding exists by Proposition [12.14]
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Identify ZB with its image, and let f be the automorphism of ZB that sends each
copy of B onto the copy to its right.

Then in particular [c, f(c)] = B. Since ZB = ZA = R(K|;)) we may identify f
with an automorphism of R(KT;). Then f’s condensed form f is increasing and

irreducible on R. Hence f = s € 5, and clearly By = B. Thus the map [14.1] is
surjective.

Finally, we show the rule is a semigroup isomorphism of S with the class
of types [A]~/= under the ordered sum. Fix s = f and t = ¢ in S, and fix h such
that # = s+ t. Then by above

+ (0,5 + 1) (Ky)) +
+(07S)( [m])+K +(85+t)( m])
(0, )(K[I])+L+R+(S S—l—t)(K )
R+ (0,8)(K}3)) + L+ R+ (0,1)(Ky) +
BerBg,

By,

MR TR R 1R

where the isomorphisms K, =2 Ky = L 4+ R and
R+ (5,5 +t)(K[3) + L= R+ (0,t)(Kpy) + L

follow from the fact that s € S. Thus the rule [I4.] respects the semigroup op-
erations of + (R sum) on S and + (ordered sum) on [A]~/%, and hence is an
isomorphism of S with [A]~/2. It follows [A]~ represents S.

It remains to consider the case when there is no symmetric or rational non-
terminating system D on A. We check in this case that [A]x represents the discrete
halfgroup Z~.

We claim that there is a linear order C' &~ A such that for every A’ = A we have
A" = nC for some n € Zso (i.e. every element of [A]~ is isomorphic to a finite
multiple of C).

If this is true with C = A, we are done. Otherwise, there is B &~ A that is not a
multiple of A. Fix a symmetric division setup witnessing A + B =& B + A and run
the Euclidean algorithm.

This algorithm must terminate since there is no non-terminating symmetric sys-
tem on A. It cannot terminate at the Oth stage in an absorbed factor, as this would
give that A and B are splitting by Proposition [12.16] contradicting our hypothesis.
Thus it terminates at some finite stage, and we may assume since the setup was
symmetric that it terminates in a divisor C. We have A & nC and B =& mC.
Notice that we must have n > 1, since by assumption B is not a finite multiple of
A. Notice C ~ A.

If every A’ =~ A is a finite multiple of C, then we are done. Otherwise, write
C = A, n =mn and find B ~ A; ~ A that is not a multiple of A;. Run the
algorithm on a symmetric setup witnessing A; + B = B+ A; to get C and ny > 1
such that A; = nyC. And continue.

If this process does not terminate, then we obtain a sequence

A = s Al
A1 = 77,2A2
AQ = TL3A3
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which yields a non-terminating rational system on A. Hence this process must
terminate, and thus yield the desired C.
Since C' is non-splitting the map

n+— nC

clearly witnesses that [A]x~ represents Zo. We are done. O
14.2. Representing replacement semigroups.

Definition 14.6. Suppose that X is a linear order and {(S;,®;) : * € X} is a
collection of semigroups indexed by X. The replacement semigroup X (S,) is the
semigroup with underlying set {(z,s) : ¢ € X,s € S, } and semigroup operation @
defined by:
(z,s) x>y
(z,8) ®(y,t) = (y,1) r<y
(x,s®t) z=uy.

Notice that if S, is commutative for every x € X, then X (S,) is commutative.

Definition 14.7. A semigroup (S,®) is an LO semigroup if S is isomorphic to
a replacement semigroup X (S,) such that for every © € X, either S, is a strict
halfgroup of R+, or S, is trivial.

A commutative semigroup (S, ®) is called naturally totally ordered if the non-
strict partial ordering relation < defined by the rule

s<tif s =1t or thereis r € S such that s®r =1t

is total, i.e. a non-strict linear ordering of S. Naturally totally ordered semigroups
were defined by Clifford in [2]. LO semigroups are easily seen to be naturally totally
ordered.

The representation theorem asserts that the commutative semigroups rep-
resentable in (LO, +) are precisely the subsemigroups of LO semigroups. We first
establish the backward direction of the theorem. Since subsemigroups of repre-
sentable semigroups are representable, it suffices to show that an arbitrary LO semi-
group X (S,) may be represented in (LO,+). The proof is via a Hahn-embedding-
theorem-type construction, which we now describe.

14.2.1. A Hahn construction for representing LO semigroups. Suppose that X is a
linear order, and for every x € X we are given a linear order A, with distinguished
element 0.

Let [[,cx Az denote the X-indexed cartesian product of the orders A, i.e. the
set of all functions u : X — |J, A, satisfying u(x) € A,. If there is a linear order
A such that A, = A for all x € X, then [[, A, = AX.

For u € [], A, the support of uis {x € X : u(x) # 0.}, denoted spt(u).

Recall that a linear order Y is well-ordered (or a well-order) if every non-empty
suborder of Y has a least element. Recall also that suborders of well-orders are well-
orders, and if Y and Z are well-ordered suborders of a (not necessarily well-ordered)
linear order X, then Y U Z is also well-ordered.

Definition 14.8. Define
(A)* ={uc HA$ : spt(u) is well-ordered}.

We call (A,)% the X-power of the orders {A,}.
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If u,v € (A;)%, then {x € X : u(z) # v(x)} is a subset of spt(u) Uspt(v) and
hence is also well-ordered. Thus the relation <;., on (A4;)¥, defined by

U <jez v When g is least in {x € X : u(x) # v(x)} and u(zg) < v(zo)

is well-defined and total. And it is straightforward to check that in fact <;¢, linearly
orders (A;)~. We view (A,)¥ as equipped with this ordering. If X is well-ordered,
then (A,)X = [1.cx Az equipped with the usual lexicographical ordering.

We will view an element u € (A,)X as a generalized sequence, think of u(z) as
the xth entry of u, and denote it by wu,.

In the same spirit, we may also consider initial sequences of elements u € (A;)~
and the intervals they determine.

Suppose (I,J) is a cut in X. Given r € (A,)! (where the index variable x in
this expression is understood to now range over I) and u € (A,)”, we write ru for
the function with domain X satisfying ru [ I = r and ru [ J = u. Observe that
ru € (Az)X.

Conversely, any v € (A,)%X is decomposed uniquely as ru for some r € (A,)
and u € (A;)”7. Said another way, for any cut (I,J) in X, we have that (A,)% is
isomorphic to (A4;)! x (A4;)7 with its usual 2-fold lexicographical ordering.

Given r € (A,)!, define

I

(Ap)X ={v e (A,)* 1 v=ru for some u € (A,)”},

ie. (A;)X is the set of elements in (A,)* that have r as an initial sequence.

Observe that (A,)X is convex in (A4,)%. Observe also that for any r,s € (4,)! we

have (A,)X = (A,)X via the map ru + su for u € (4,)7.

For S a strict halfgroup of R, we write Eg for the orbit equivalence relation
on R of the corresponding group G = —S U {0} U S, i.e. the relation defined by
the rule ©Egy if y = x + s for some s € S U {0}. We write Eg for the equivalence
relation on R with a single equivalence class, i.e. the relation defined by the rule
rEgy for all z,y € R.

For the remainder of this section, let S = X (S,) be a fixed LO semigroup.

For every x € X such that S, is a strict halfgroup, by replacing S, with a
rescaled isomorphic copy if necessary, we may assume 1 € S,.

To show that X(S,) can be represented in (LO,+), we first construct a linear
order Z by modifying the (A;)* construction. The orders I, 5 € LO that will
represent the elements (z,s) € X(S;) in our representation theorem will appear as
a <-chain of intervals in Z.

Given z € X, if S, is a strict halfgroup, let E, denote Eg_; if S, is trivial, let
E, = Er. Define

A, = [0] _ —S, Uu{0}uUS, ifS, a strict halfgroup;
v BT R if S, trivial,

and let 0, = 0 (i.e., the distinguished element 0, of every A, is the 0 of R). Since
1 € S, whenever S, is a strict halfgroup, we have 1 € A, for every x € X.

Let Y = (A,)X . Notice here that we are taking the power over the reverse X*
of X.

Label X* = [¢,d] by its endcuts. For a given y € X* and initial sequence
r € (A,)l*Y), the interval Y, decomposes as the set of intervals {Y,q : a € [0], }.
These intervals are lexicographically ordered in order type [0]g, = Ay.

Yy
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To construct the order Z from Y, for every such r we insert points between the
intervals Y,., corresponding to points in R\ 4,, and then color these points in a way
that will allow us to show that the orders I, ;) and I, ) defined below, representing
the points (y, s) and (z,t) in X(Sy), are non-isomorphic whenever (y, s) # (z,t).

More precisely, define

T = {r: risa function with dom(r) = [¢,y] for some y € X*,
r 1 ley) € (Aa)Y),
r(y) e R\ Ay}.
Equip T with a coloring ¢ such that for all r,7’ € T we have:
i. if dom(r) # dom(r’) then c(r) # c(r');
ii. if dom(r) = dom(r’) = [¢, 3], then c(r) = c(r’) if and only if r(y)Es, ' (y).
We may define such a c explicitly by letting c(r) be the ordered pair (y, [r(y)]Es, )
whenever dom(r) = [c,y].

Let Z = Y UT. Observe that any pair of distinct sequences u,v € Z have a
coordinate of least difference, and moreover the lexicographic ordering on Z extends
the lexicographic ordering on Y and linearly orders Z.

We extend the coloring ¢ from T to Z by coloring every point in Y black, where
black is a color different from the colors assigned to points in 7. For I an initial
segment of X* and r € (A,)’, let T} denote the set of u € T such that I is initial
in dom(u) and v [ I =r. Let Z, denote Y, UT,.

Given y € X* and an initial sequence r € (Aw)[c’y), the interval Z, decomposes
as the set of intervals {Z,, : @ € A,}, which are lexicographically ordered in order
type [0]g, = Ay, and the set of points {rb: b € R\ Ay} which are interspersed
between the intervals Z,, in order type R\ [0] B,

Zy ={Zyg:a€ A} U{rb:be R\ Ay}
We may also explicitly describe the elements of Z, as sequences.

Lemma 14.9. Fix y € X* and r € (A,)!*¥). The elements of Z, have exactly one
of the following forms:
i. rb, where b e R\ A,;
ii. ramb, where a € A,, m € (Am)(y’y,) for some ' >y in X*, and b € R\ A,;
iii. rau, where a € A, and u € (A,)®l.

Proof. Sequences in T, have exactly one of the forms (i.) and (ii.), and sequences
in Y, have form (iii.). O

If S, is trivial, then R\ A, = 0. Thus only when S, is a strict halfgroup are
there are elements in Z,. of form (i.).

Let 0 denote the identically zero X *-sequence. For I an interval in X*, we write
0’ for the identically zero sequence in (A;)!. For a given y € X* and s € A, we
write

6[C7y)86(y’d]
for the sequence with s in the yth coordinate and Os elsewhere. Note that all such
sequences belong to (A4,)% =Y, and hence also to Z.

We may now define the orders I, ) that appear in our representation. They are

all half-open intervals in Z of the form [0,u) for some u of the form 0¥ o,

Definition 14.10. Given (y,s) € X(S;), define an interval I, ) of Z as follows:
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i. if Sy is a strict halfgroup, let I, ;) = [0, ﬁ[c’y)sﬁ(y’d]);
ii. if S, = {s} is trivial, let I, = [0,0°*'10").
Note that these intervals are well-defined. This is clear in case (ii.). In case (i.),
observe we have S, € A, = [0]g,, and for every s € S, we have s > 0. Thus

0?0 ¢ v € 7 and 0V 50 > 0.

Theorem below says that if the semigroups S, are nontrivial for densely
many z € X, then defines a representation of X(S,) in the class of col-
ored linear orders. After we prove it, we show in Corollary that the density
hypothesis can be dispensed with.

Theorem 14.11. Suppose that {z € X : S, is a strict halfgroup} is dense in X.
Define
t:X(Sz) — cLO
L(ya 8) = I(y,s)
Then ¢ is a representation of X (S;) in cLO.

Proof. We begin with two lemmas.

Lemma 0. Fix y € X* and r € (A4,)!*¥). Then fix s € [0]g, = 4, with s > 0.
Using the description of sequences given in Lemma[I4.9] define a map Z, — Z, by

the rules
rb — r(b+s)

ramb +— r(a+ s)mb
rau +— r(a+ s)u.
Then this map is a colored automorphism of Z,.

Proof. The lemma asserts that translation by a positive s € [0]g, in the yth coor-
dinate induces a colored automorphism of Z,.

The set of entries in the yth coordinate of sequences u € Z,. is R. Since s € [0]g,,
the sequences r(b + s) and r(a + s)mb are in T, if and only if rb and rsmb are in
T,; and r(a+ s)u is in Y, if and only if rau is in Y;.. Hence the map is well-defined.
Since translation by s is an order-automorphism of R, it follows the map is an
order-automorphism of Z,..

Moreover, it is color-preserving: we have c(rau) = c(r(a 4+ s)u) since both se-
quences belong to Y; c(ramb) = c(r(a+ s)mb) since both sequences have the same
domain and same final coordinate; and, in the case when S, is a strict halfgroup
and there is something to check, we have c(rb) = c(r(b + s)), since both sequences
have the same domain and bE, (b + s). The lemma is proved. O

Lemma 1. Fix y € X* and r € (4,)¥). Suppose Sy is trivial. Define a map
Z, — Z, by the rules
ramb +— r(2a)mb
rau — 7(2a)u.
Then this map is a colored automorphism of Z,.

Proof. Since a + 2a defines an order-automorphism of R = Eg , the map defined
above is an order-automorphism of Z,.. It is clearly color-preserving. O

The remainder of the proof splits into four claims.

In all of these claims and their proofs, the symbol 2 indicates color-isomorphism.
Likewise, <jnit and <y;, indicate a colored initial embedding and colored final
embedding.
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Claim A. If y < z in X, so that z < y in X*, then for any s € S, and t € S, we
have

Toys) + 1z it) = Lzy + Liy,s) = 1z )

PTOOf. We show wI(y,S) <imt I(z,t) and w*I(%S) gﬁn I(z,t)-
Let r = 01°Y). Label Z, = [p, q] by its endcuts. We have Z, = [p,0) + [0, ¢|.

Notice I, ) = [O,TSG(y’d]) is initial in the final segment [0, ¢| of Z,. For k € Z,
define

I = [r(ks)0 ™ v ((k + 1)s)0Y).

Thus Iy = I, ). Since the left endpoints of these intervals traverse Z,., we have
the decompositions:

Zp = A I+ L+ LA+
0,9 = Io+DLi+Io+-;
p,0) = -+l o+14.

Observe that the color-automorphism of Z,. from Lemma 0 with respect to the
pair (s,y) (translation by s in coordinate y) maps each I onto Ipy1. Thus I =
Iy = Iy ) for all k € Z, and we have:

[0, q]
[p.0)

Now let 7 = 01°?. Label Z. = [p',¢'] by its endcuts.

Observe that I, ) = [0, r’tﬁ(z’d]) is initial in [0, ¢']. Further, since z < y in X*,
we have [0, ¢] is initial in I, ;), which gives wl(y o) <init 1(2,1)-

For k € Z, define

wliys);
Wy, s)-

[raule

I = [ (k)0 (k4 1)6)0

).
Then Iy = I(,,. Observe [p,0) = w*I(, ) is final in I’ ;. Now the map on Z,
from Lemma 0 with respect to (z,t) (translation by ¢ in coordinate z) witnesses
I" | = Ij. Thus we have w*I(, o) <fin Iy = I(.+), which completes the proof of the
claim. O

Claim B. Given y € X such that S, is nontrivial, for any s,¢ € Sy we have

Tiy,s) + Ly ) = Liy,s4t)-
Proof. By cutting I, s, at the right endpoint 0l gpv
decomposition

of 1, s), we have the

Tty 2 Loy + 075070 (s 1+ 10

Translating by s in the yth coordinate (in Zgle.w), using Lemma 0) sends Iy 4
onto the interval to the right of the + sign in the expression above. Thus

Tysvt) = L) + L)
as claimed. O
Claim C. Given y € X, if S, = {s} is trivial, then

Iiys) +1iy,s) = Liy,s)-
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Proof. Using Lemma 1 to multiply by 2 in the yth coordinate witnesses that

I(y,s) — [67 G[Cay) 16(yad]) o~ [076[cvy)26(yad])
By inspection we have
[6, 6[6,1/)26(2/,11]) > Ty + [ﬁ[c,y)la(%d]76[0721)26(1/41]).

Translation by 1 witnesses that the interval on the right is isomorphic to I, ).
Combining the above then yields

) = I(y,S) + I(yys)v

as claimed. 0

Claim D. If (y,s) and (z,t) are distinct elements of X (S;), then I(, o 2 I(. 4.

Proof. Since (y, s) # (z,t), we have that either y # z, or y = z and s # ¢.

Suppose first y # z. Without loss of generality, we may assume y < z in X,
so that z < y in X*. Since strict halfgroups appear densely often among the
semigroups S, there is some 2z’ € X* with z < 2’ < y such that S,/ is a strict
halfgroup.

Choose b € R\ A, with b > 0. Then rb € Z,. where r = G[C’Z/). Observe that if
z <2 (in X*), then Z, C I, ;) and hence rb € I, 4. If z = 2/, then we make sure
to choose b so that rb € I, 4), i.e. so that 0 < b < ¢, which is possible since R \ A/
is dense in R by the strictness of S,..

We have I(, ) € Z» C I(.4), where 1’ = 0°Y). Observe that since dom(rb) =
[c, 2'] is shorter domain than the domain of any element of Z,/, its color c(rb) is
different from the color of any element in Z,,. In particular there is no point in
I(y,s) of color c(rb). Hence there is no color isomorphism between I(, ;) and I(. 4,
as claimed.

Now suppose y = z and s # t. Since it contains distinct points we must have

that .S, is nontrivial, i.e. a strict halfgroup.

Without loss of generality, suppose s < t. Let r = ﬁ[c’y).

Suppose toward a contradiction there is a colored isomorphism f : I(y ;) — I(y,s)-
Since the color assigned to a given rb with b € R\ A, is distinct from the color
of all points belonging to one of the intervals Z,, with a € A,, and between any
two such intervals such a point appears, we must have that f maps each such point
rb € I(y ) to a corresponding point in I and each such interval Z., C I, )
onto a corresponding interval in I, ).

That is, for all 0 < b < t with b ¢ A, thereis 0 < b’ < s with ¥’ ¢ A, and
c(rb) = c(rb’) (i.e. bEs,b') such that f(rb) = f(rt'); and for all 0 < a < ¢ with
a€ Ay =|[0]g,, there is 0 < o’ < s with a € A, such that f[Z,.,] = Z,..

Condense each such Z,., to a black point. After condensing, observe that the
intervals I(, ;) = [0, 6[C’y)t6(y’d)) and I(y ) = [0, G[C’y)sﬁ(y’d)) are isomorphic to the R
intervals [0,¢) and [0, s) respectively. Identify I, ;) with [0,¢) and I, 5 with [0, s),
colored in the same way. Then [0,t) and [0, s) are colored by the orbit equivalence
relation Eg as in Theorem where G = —S, U {0} U S,. The discussion in the
previous paragraph shows f is a colored isomorphism of these intervals. But f is
not a translation, since f(0) = 0 and f(t) = s < t, contradicting Theorem [I3.2]

It follows I(y,s) '7\5” I(zﬂf). ([

Y,8)»
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The conjunction of Claims (A.), (B.), (C.), and (D.) gives that ¢ is a represen-
tation of X (Sy) in cLO. O

Corollary [14.12] shows that we can remove the density hypothesis from Theorem

Corollary 14.12. Suppose that X (S;) is an LO semigroup. Then X(S,) is rep-
resentable in cLO.

Proof. We pass to a larger LO semigroup satisfying the density hypothesis from
Theorem [[4.11]

Consider the lexicographic product XQ = {(z,q) : « € X, ¢ € Q} obtained by
replacing every point in X with a copy of the rationals. Identify X with the set of
pairs (z,0) € XQ. By the density of Q, for any < 2’ in X there is y € XQ\ X
with z <y < 2.

For each € X, let S, = S;. For z € XQ\ X, let S, be some fixed strict
halfgroup of Rsg. Then XQ(S.) is an LO semigroup satisfying the hypothesis
of Theorem Hence XQ(S2) is representable in cLO. Since X(S,) is a
subsemigroup of XQ(S.), it follows X (S;) is representable in cLO. O

The proof of Theorem [14.13| below shows that the representation of X (S;) in
cLO from [14.11) may be adapted to get a representation in LO.

Theorem 14.13. Suppose X(S;) is an LO semigroup. Then X(S,) is repre-
sentable in LO.

Proof. By the proof of Corollary we may (replacing X with XQ if neces-
sary) assume X is dense without endpoints, and X (S, ) satisfies the hypothesis of
Theorem [[4.171

We encode the coloring c of the order Z constructed above in an uncolored
replacement of Z. Then we show that the corresponding replacements of the orders
I(y,s) give an uncolored representation of X (.S,).

Enumerate the colors {¢; : i < k} that appear in Z (i.e. {¢;} enumerates the
outputs of ¢). Let N; denote the ith infinite cardinal number.

For each i < k, fix a linear order K; that is N;-dense, that is, an order K; with
the property that for any k < k' in K, the interval [k, k'] has cardinality X;. Then
any non-singleton interval I C K; is also N; dense. Consequently, if i # j there is
no convex embedding of I into Kj.

(We note that R;-dense orders exist for all i: concretely one may take K; to be
the suborder consisting of all eventually 0 sequences in the w-power w{, where w;
denotes the least ordinal of cardinality W;.)

Let Z' be the order obtained by replacing every point v € Z such that c(u) = ¢;
by K;. That is, Z' = Z(K| [u]) is the replacement up to the equivalence relation on
Z determined by the color classes of c, satisfying K,, = K; whenever c(u) = ¢;. We
view the orders K; as uncolored, and Z’ as uncolored as well.

If I is an interval in Z, then any colored convex embedding f : I — Z deter-
mines a convex embedding of the restricted replacement I(K[,)) into Z’, namely
the embedding defined by the rule

(u, k) = (f(u), k).
This map is well-defined since c(u) = c(f(u)) and hence K, = Ky ().
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Conversely, suppose I C Z is an interval and consider the restricted replacement
I(K{y)), which is an interval in Z’. Suppose F': I(KJ,)) — Z'is a convex embedding
whose image is also a replaced interval I'(Kl,)).

Claim (}): For every uw € I, the image F[K,] = K, for some v € Z with
c(u) = c(v). That is, F' condenses to a colored isomorphism f : I — I’ defined by
f(u) = v whenever F|K,| = K,.

To prove the claim, we first note that from our assumptions on X it is not
difficult to check that Z is densely ordered, and T is dense in Z. Further, for any
u < wvin Z and color ¢;, there is w in Z with u < w < v and c(w) # ¢;.

Fix u € I, and suppose c(u) = ¢;. Consider F[K,]. If this image intersects
two distinct replacement factors K, < K, then it contains K, for some w with
v < w < v and c(w) # ¢;. Since Ky <conv F[Ky], we have Ky <conv K,
contradicting the difference in these intervals’ densities.

Thus K, C K, for some v € Z. If the containment is strict, then the image
F71(K,) of K, under the inverse embedding F~! intersects both K, and K, for
some v’ # w in I, and we get the same contradiction. Claim (t) follows.

For each (y,s) € X(S,), let Iéy,s) = I(y,s)(K7y)) be the restriction of the replace-
ment Z' = Z(Kp,)) to Iy

Let Claims (a.), (b.), (c.), and (d.) be the statements obtained from Claims (A.),
(B.), (C.), and (D.) by replacing the orders I, ;) and I+ in their statements by
Iéy,s) and IEZ@. We may prove Claims (a.), (b.), (c.) using the same proofs for (A.),
(B.), and (C.), substituting each interval I C Z that appears in these proofs by its
replaced version I" = I(K7,)), and each convex embedding f on such an interval I
by its lift to I’.

We may also prove Claim (d.): by (}), if we were able to find an isomorphism
F Iéy,s) — I{Z’t), then the corresponding condensed isomorphism f would be a
color-isomorphism of I, ) and I, 4), contradicting Claim (D.).

It follows from Claims (a.), (b.), (c.), and (d.) that the rule

(ya 5) — Iéy,s)

defines an uncolored representation of X (S;), i.e. a representation of X (S;) in
LO. (]

14.3. The representation theorem.

Theorem 14.14. A commutative semigroup (5, ®) is representable in (LO, +) if
and only if S is isomorphic to a subsemigroup of an LO semigroup.

Proof. Since subsemigroups of representable semigroups are representable, the back-
ward direction of the theorem is given by Theorem [14.13

For the forward direction, suppose S is a commutative semigroup and there is a
representation ¢ : S — LO.

For simplicity of notation, for the remainder of the proof we view LO as the
class of linear order types LO/%, and identify each linear order A with its order
type [A]~. Under this identification (LO, +) is a class semigroup.

Then ¢ is a semigroup isomorphism of S with its image. Identify S with its
image, so that (S, +) is a semigroup of order types.

For each A € S, we write [4] for [A]x N S, i.e.

[A]={B€S:B~ A}
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Since + is commutative on S, we have S is total on S by Theorem Thus
< quasi-linearly orders S, and linearly orders {[A] : A € S}.

Let X = {[A] : A € S}. For each € X, define S, = x. Then S, = [4] for
some A € S. Note that since S is closed under +, by Lemma [T4.4] each S, is closed
under + as well, and hence a semigroup under @, = +.

Consider the replacement semigroup X(S,), and let H denote its semigroup
operation as defined in Observe that X (S,) consists of all pairs of the form
([A], A) for Ae S.

Define F': S — X(S;) by the rule F(A) = ([A], A). By the above discussion, F
is clearly injective and surjective. Further, for any A, B € S we have

([4], A4) if [B] 3 [A]
F(A+B) = ([A+Bl,A+B) = { ([B],B) if [A] 5 [B]
([A,A+ B) if [A] = [B].

By the definition of X (S,,), the expression on the right equals ([4], A) B ([B], B).
Thus F' is a semigroup isomorphism.

Now observe that each factor S, = [A] = [A]x NS is a subsemigroup of the
semigroup S, = [A]~. Thus X (S,) is a subsemigroup of X(S,). By Theorem [I4.5]
each S/ is either a copy of the trivial semigroup, or isomorphic to a strict halfgroup
of Ryg. Thus X(S57) is an LO semigroup, and we are done. O
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